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Chowla* has proved that if ¢ is an integer > 5, then g(1/t)
is irrational. He also conjectures that for rational |x| < 1
both f(x) and g(x) are irrational.

[n the present note we prove the following

Tueorem. Let [t| > 1 be any integer.  Then both f(1/t)
and g(1/t) are irrational.

We only give the details for f{1/¢) ; the proof for g(1/¢)
follows by the method of this note and that of Chowla.

Let us first assume that ¢ is positive and that 7 is
large. Put & =[(log 7)'/"] and let p,, p,,..., be the

sequence of consecutive primes greater than (log n)2

Put

A= {1 < slé m+np 1‘
From elementary results about the ihstribution of primes
it follows that p; < 2 (log n)® for i g k'(k:_l) . Thus by a

simple computation we obtain

A< {2 (log n) }”‘2 < elog m/4, (1)
Consider now the following congruences :

x=p'"1 (mod pf)
x+1=(p, £5)"" { mod (2 p5)' }

xtb—1 = (Pubus1.. . Durr-1)'"" {mOd (Dureebusri-r)’ }, (2)
* Proc. Nat. Inst. of Sciences of India, 13 (1947).




64 P. ERDOS

where u = AL&';-—]—)-}-I. The integers less than » satisfying

the congruences (2) are clearly of the form

x+yd,o<x<d,0<y< /4]
We evidently have from (2) that for o <j< &

d(x+j+9.4) =0 (mod #*1),
where d(m) denotes, as usual, the number of divisors of m
Thus if we rewrite
Z d(r)
2

r<rthktypd
in the scale of ¢, then =*7>4*! will be the lowest power
of ¢ which will occur.

Now if we proceed to determine y in such a way that
d(r) I
z S T (3)
ras+hktyd

[=s}

then the representation of Z d(r)/¥ in the scale of ¢ will
=]
contain at least 4% consecutive zeros. Thus since
k=[(log n)'/*] can be made arbitrarily large, our
number is irrational. [It is clear that the representa-
20

tion of Z d(r)/t" in the scale of ¢ is not finite, since
re 1
> d@n)jtr>o.]
r > xtktyd
To complete our proof we will determine a value
o< /4] satisfying (3). First of all we show that

R T - @)
y >x+k410logn+yd
Now (4) follows by a simple computation by remarking
that d(r) <7 and k= (log »)/*°. Thus it will suffice to
find a y, < [n/4] for which
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"d(r) 1
£ < %tr+k/?+i!'aﬁ’ (5)
where the dash indicates that
x+k+p0d <r < x+k+y A4 10 log n;

clearly if y, satisfies (5) it also satisfies (3). Thus lies
in one of the [ 10 log n]] arithmetic progressions

x+kts+y 4, y <[n/4]), 0 <5< 10 log n.
First we prove that there exists a y, <[ #/4] so that
d(x+k+s+p,.4) < 2*4, for all o £s<1ologn (6)
It is easy to see that

(x+k+s,4) =1 for all o <5 < 10 log a.
For, if not, then there exists an s so that

x+k+s=o0 (mod p;), where j g{fﬁ;ﬂ.

But from (2) we have
x+i=0 (mod p,) for some i < £.
Thus k+s—i=o0 (mod p,), which is impossible since
0 < k+s—i< 11 log 7 and p; > (log n)2.
This completes the proof.

Put x+k+4s5= 9. Wc have from (8, 4) =1,

n log n
2, dotrd) <2 Z (arrr) <28,
v& [nfd]
since 4 < n*. Thus the number of ’s for which
d(9+4+9A4) > 2'/* is less then c”jogf;ﬁ \
and the number of »’s for which for some s
d(x+k+:49.4) > 2*/4 is less than
10" (log 7)*

n
A ok7e “32'
Thus there clearly cxists a_y, < [#/A4] satisfying (6). Now

clearly
" d(r
Z ( ) < 2k/4z -~ %mz’+kf2;@"
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which proves (5) and completes the proof of the theorem
fort> 1.
If ¢ is negative the proof is similar to the one just
given except that wehave to make sure that the expansit n of
o

Z d(r) /¢ in the scale of # is not finite. This is certainly

r=1
the case if we can prove the existence ofa y, <[n/4]
satisfying (6), for which

S dnr+o.
r>a+k+ti04
This can be done by methods similar to those used above.
We do not give the details,

The analogous problems about

e sl oD a0.
oln) § ¢'(n) § 2(n)
N D
n=1 n=1 n=1
where ¢(n) denotes Euler’s ¢-function, ¢’(z) denotes the
sum of the divisors of 7, and #(n) denotes the number of

prime factors of , seem to present Hifficulties.




