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Abstract

The transition of the temperature gradient between being subadiabatic and
adiabatic at the base of the solar convection zone gives rise to a clear sig-
nature in the sound speed. Helioseismic measurements of the sound speed
therefore permit a determination of the location of the base of the convec-
tion zone. We have tested two techniques by applying them to artificial data,
obtained by adding simulated noise to frequencies computed from two dif-
ferent solar models. The determinations appear to be relatively insensitive to
uncertainties of the physics of the solar interior, although, if present, a
large-scale megagauss magnetic field at the base of the convection zone
might have a significant effect on the results. On the assumption that this is
not the case we conclude, from an analysis of observed frequencies of solar
oscillation, that the depth of the solar convection zone is (0.287*0.003) solar
radii.
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forces. The extent of the overshoot region, and the dynamics within it, are currently quite uncertain.
Throughout much of it motion is no doubt sufficiently rapid to maintain the temperature gradient
essentially at the adiabatic value. Furthermore, energy transport by low-frequency gravity waves,
which are likely to be generated in this region, may also modify the temperature distribution. At
the base of the overshoot region there must be a transition, which could be quite abrupt, to the
radiative gradient in the region beneath where the motion is too feeble to transport much heat.

In the present paper we are not explicitly concerned with the nature of the transition. Thus,
when we discuss the extent of the convection zone we are referring to the extent of the essentially
adiabatically stratified region; it must be kept in mind that in reality this includes the adiabatic
part of the overshoot region. Since this region is also mixed on a short time scale, the distinction
between the simplified description without and the realistic description with overshooting is unlikely
to be important for the analysis of lithium destruction and material diffusion, although it might be
significant for the possible generation of magnetic field beneath the convection zone.

Inferences about the depth dy of the convection zone on the basis of observed frequencies of
solar oscillation were made very early in the development of helioseismology. From Deubner’s (1975)
observations, and using a simplified description of the oscillations, Gough (1977) concluded that the
actual solar convection zone was deeper by about 50 per cent than that in the model of Ando and
Osaki (1975), implying a depth of about 0.3R, where R is the radius of the Sun. From similar
observations, and using the numerical computations of Ulrich and Rhodes (1977), Rhodes, Ulrich
and Simon (1977) were able to estimate a lower limit of 0.25R on the convection zone depth. Studies
of the sensitivity of oscillation frequencies to uncertainties in the physics of the convection zone were
subsequently carried out by Lubow, Rhodes and Ulrich (1980) and by Berthomieu et al. (1980),
the latter concluding that dy ~ 200 Mm =~ 0.3R. In all these cases, however, only high-degree
modes were analyzed. These are trapped in just the outer few per cent of the solar convection zone,

and hence carry no direct information about its depth. Instead, the observed frequencies effectively

allowed a determination of the adiabat in the adiabatic part of the convection zone, and the depth
of the convection zone was obtained through computation of envelope models along this adiabat.
Thus a considerable amount of theoretical extrapolation was involved in estimating dj.

Gough (1986) pointed out that a much more direct determination of the convection-zone depth
can be obtained by considering the gradient in the sound speed, as obtained by inversion of observed
frequencies of solar oscillations (e.g. Christensen-Dalsgaard et al. 1985: Brodsky and Vorontsov 1987
Christensen-Dalsgaard, Gough and Thompson 1988; Kosovichev 1988: Shibahashi and Sekii 1988).
The sound-speed gradient is closely related to the temperature gradient; thus the transition from
an adiabatic temperature gradient within the convection zone to a subadiabatic gradient beneath it
is visible as a clear break in the gradient of the sound speed. This was evident in the first inversion
of p-mode data that extended into the radiative interior (Christensen-Dalsgaard et al. 1985). The
inferred sound speed is reproduced here in Figure 1, in which a transition at a radius r between
0.71R and 0.72R is quite apparent (see the inset to the figure).

The transition is more prominent in a plot of the sound-speed gradient itself. In the lower

convection zone the sound-speed squared is given approximately by

%n:;:mmm Ama Q (1.3)

(Christensen-Dalsgaard 1986; see § IV and Appendix A); here M is the solar mass and G is the

gravitational constant. Thus the quantity

r? de?
W=t (14)

is approximately constant deep in the convection zone, and takes the value —2/3 for v = 5/3.
Beneath the convection zone W increases abruptly (see § IV). By locating this transition, Gough
(1986) deduced the values of dj in several unknown solar models with an uncertainty of about
0.01R. Vorontsov (1988) used essentially the same method (but with a somewhat different inversion
technique to infer ¢) on solar frequencies, estimating the radius ry of the base of the convection
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surface layers of the star; it can be determined from the observations only to within a multiple of w.

By differentiating equation (2.1) with respect to w one obtains

InR
Eumw = (a=%- G(le dinr. (2.2)

Inr,

(Note that this equation is unaflected by the fact that a has been determined only to within a
multiple of w, and F(w) only to within a constant.) Equation (2.2) is of the Abel type and can
therefore be inverted to obtain c as a function of r. From this W can be computed trivially.

The procedure for determining the function F' was outlined by Gough (1986), and is presented

in Appendix B. Only modes of radial order n > 2 were included in the analysis.
b) The differential method.

By perturbing equation (2.1) and linearizing in small quantities one can obtain an approximate
relation between the frequencies of oscillation of the Sun and those of some known reference model

and their internal sound speeds:

InR 2\ -4
Amg - ammv o \ ? - u.lnv & am1dinr 4+ 282 (2.3)
do/) w Inre w c w

where 6w, 6c and da are the differences in frequency, sound speed (at constant r) and phase (at

constant w) between the Sun and the reference model,

InR -4
m?cn\_ ATWV a~ldinr, (2.4)

2
nry w

and all unperturbed quantities are evaluated for the known model. On the left-hand side of equa-
tion (2.3) éw/w can be obtained from observation, and the bracket is determined from the reference
model. The first term on the right-hand side of this equation depends on w and [ in the combination

w = w/L, while the second term is a function of w, so that equation (2.3) can be rewritten

(st0- 25 ) %2 = Hutw)+ o) (25)

9

Because H; and H; depend only on w and w respectively, they can be separated in the data. This
is achieved by making a least-squares fit of a function Hi(w) + Ha(w) to the scaled data, where H,
and H, are cubic splines. The H; term leads to an integral equation of the Abel type which can be
inverted to obtain 6c/c and hence the sound speed in the solar interior. Once again, IV can thence
be calculated, by substituting ¢*(1 + 26¢/c) for ¢* into equation (1.4).

The details of the inversion method are given by Christensen-Dalsgaard, Gough and Thompson
(1989). The distribution of spline knots for the fitted functions H, and H, was chosen to be the
same as in that paper: in brief, knots uniformly spaced in w and in logw (except at large w). In
all cases 20 knots in w were used, while the number of w-knots varied between 20 and 36. Some
low-frequency, low-degree modes, for which equation (2.1) is not well satisfied, were excluded from
the inversions, as specified by Christensen-Dalsgaard, Gough and Thompson (1988). Also, of course,

the f modes (n = 0) were excluded: but the n = 1 modes were retained.

I1I. THE OBSERVED AND THE ARTIFICIAL DATA

The sound-speed inversions were based on observed frequencies listed by Duvall et al. (1988),
which comprise modes with degree [ < 99, and those of Libbrecht and Kaufman (1988). It was noted
by Christensen-Dalsgaard, Gough and Thompson (1988; see also § VIb below) that there appears
to be a systematic difference between the two sets. For this reason we have preferred to use only
those modes given by Libbrecht and Kaufman with [ > 100. The resulting mode set contained 1632
p modes.

To test the inversion procedures, they were applied to artificial data, spanning the same set of
modes as the observed data. In computing the data, the principal goal was to test the sensitivity of
the determination of the convection zone depth to other probable uncertainties in the properties of
the Sun, and to errors in the data. In particular, the properties of the solar core, or of low-degree

modes, are not immediately relevant. Nevertheless, it was of interest to use these data also as a

10
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IV. TEST OF THE ABSOLUTE INVERSION METHOD

As discussed in § I, the function IV (r) defined by equation (1.4) can be used as a accurate
indicator of the position of the base of the convection zone. The intersection with —2/3 of a simple
linear extrapolation from the steeply descending part of the graph of W(r) gives a very reasonable
estimate of the depth of the convection zone: by this means Gough (1986) obtained the depths of
the convection zones of three unknown models to better than 0.005R. In the present paper we use
a slightly more sophisticated technique which can be automated with greater rigour. Approximate
analytic expressions are derived for the square of the sound speed just beneath and above the base
of the convection zones. To a first approximation the expression in the convective region has no
free parameters, while the expression in the radiative region has several, one of which (implicitly)
is the radius r, at which the base of the convection zone is located. Two constraints on the free
parameters are obtained by requiring continuity of ¢ and W at ry. The remaining free parameters
are then estimated by making a least-squares fit of the analytic expression to the sound-speed squared
inferred from observational data. This is done over a region of the radiative interior that is beneath
the convection zone and yet sufficiently close that the analytic approximations are still reasonable.
Hence an estimate of ry is obtained.

The lower part of the convection zone is very close to being adiabatically stratified. Moreover,

the adiabatic exponent v is almost constant (and approximately equal to 5/3). Hence

poxpT. (4.1)

This determines the functional form of the sound speed c(r). In this region the heat capacity of the
fluid is high, and therefore the characteristic Mach number of the convective motion responsible for

the transport is very low. Consequently the hydrostatic equation:

dp _ Gmp
1..|a»_ 42
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where m is the mass contained within the sphere concentric with the Sun of radius r, is satisfied quite
accurately. Moreover, the mass of the convection zone is small (about 0.02M), so m is approximately
constant. As shown in Appendix A, an approximate expression for ¢> may be derived from equations
(4.1) and (4.2) (cf. equation A9). If the variation of m through the convection zone is neglected,
this expression essentially reduces to equation (1.3) discussed previously.

I[n the outer layers of the radiative interior immediately beneath the convection zone it is still
a good approximation to ignore the variation of m when integrating equation (4.2). lere, the

temperature stratification is determined by the radiative transfer relation so that

WNOAI i

dr riTs’

(4.3)

where & is opacity which we approximate by k ox p*T~", X and v being constants. Relation (4.2)
divided by relation (4.3) yields an expression for dp/dT. Furthermore, p can be eliminated with the
help of the perfect gas law

RpT

p= lﬂl. (4.4)

where R is the gas constant per mole (R = kg/m, where kp is Boltzmann’s constant and m, is the
atomic mass unit); here u is the mean molecular weight, which is nearly constant because hydrogen
and helium are essentially fully ionized. Then the expression for dp/dT can be integrated, resulting
in

pAFL o TAHUH | TAHHS, (45)
where Ty is a constant of integration. Provided Ty <« T, which must be confirmed a posteriori, the
relation between p and p determined by equations (4.3) and (4.3) can be expanded about Ty /T = 0.
The expansion can be used to close the hydrostatic relation (4.1), which can then be integrated to

give the sound speed in the form

Qam:a. (4.6)

2oyl — -1 81
c=y(1-T7)=—5
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for the error-free data set the error in the inferred depth is less than 0.001R, while for the sets with
the largest errors the inferred depth is still accurate to better than 0.01R. The results for Model Y
are also accurate to better than 0.01R, except curiously for data set Y.0 (the error-free case) for
which the error in the inferred depth is 1.05 x 10~2R.

It may be noted that the inferred «w_cow of v, which are also given in Table 3, are rather high.
Assuming a smaller value for A would reduce the value of v, bringing the opacity exponents closer
to theory. However, in our experience this can make the inferred depth of the convection zone less
accurate: for example, if one takes A = 0.75 for data set X.0, the inferred values of v and d are 4.4
and 0.735R respectively. It is possible that the high values of v in fact result from an inaccuracy
in the analytic approximation: in particular it may be that the variation of m cannot be ignored at
radii as small as 0.5R. Nonetheless, the accuracy of the depths inferred in these blind experiments
is reasonable. If the errors included in the artificial data are representative of those in real solar
data, we estimate that the standard error in the depth determination for the solar convection zone

(§ VI) using the absolute method is +£0.01R.
V. TEST OF THE DIFFERENTIAL INVERSION METHOD.

a) Reference models

The differential inversion method is capable of inferring the run of sound speed with considerable
accuracy; in tests with artificial data it has proved possible to recover the sound speed over a wide
range of depths with an error much less than one per cent (Christensen-Dalsgaard, Gough and
Thompson 1989). However, an obvious potential drawback is that the results might depend on
the details of the reference model that is being used. Thus we have to investigate the sensitivity
of the results to the physics of the reference model. Furthermore, because of the rapid change

in the sound-speed gradient beneath the convection zone, the sound-speed difference between two

17

models with convection zones of different depths exhibits a sharp feature in the region that is
adiabatically stratified on one model but not the other. Such a feature is badly resolved by the
inversion (Christensen-Dalsgaard et al. 1989; see also § Vb below) and may therefore cause problems
for the evaluation of W. For this reason it is desirable to use reference models with as nearly as
possible the correct depth of the convection zone. Hence we have used a fairly extensive set of
models, with different assumptions about the input physics, and with varying depths of convection
zone. All models were calibrated to have solar radius and luminosity. The properties of the models
are summarized in Table 4.

The set includes models at solar age from four complete evolution sequences, with differing
equation of state or opacity. Furthermore, to obtain models spanning a range of different depths
of conveetion zone, two sequences of static models were considered, the @wm_n.:w being modified in
the manner described by equation (3.1). The hydrogen abundance X(g) was obtained from the
abundance profile in an evolutionary model with the same basic physics, without modification to
the opacity, by scaling with a constant factor. These sequences were based on the so-called MHD
equation of state (cf. Hummer and Mihalas 1988; Mihalas, Dappen and Hummer 1988; Déppen et
al. 1988); in one case the CT opacities were used, whereas the second sequence used the LAOL
opacity tables.

The computation of the models and their adiabatic oscillation frequencies otherwise proceeded
as in the case of the unknown models (cf. § III).

A striking feature of the results in Table 4 is the difference in envelope helium abundance Y,
between models using the CT and models using the LAOL opacities. This is caused by the substan-
tially higher opacities in the solar core in the LAOL case; in contrast, the artificial modification of

the opacity near the base of the convection zone has a modest effect on Yo.
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comes from the different opacities in the two models which affect the radiative interior. In Figures
3e and 3f the convection zone in the reference model (model 5 of Table 4) is shallower than that in
Model X, but by a modest 4 x 10=3R. This gives rise to a sharp corner in éc/c at the base of the
shallower convection zone, but the substantial increase in sound-speed difference at greater depth
is once again caused by the difference in the physics of the radiative interior of the two madels.
The corner is not apparent in the artificially smoothed éc/c. In these two cases also, the effects of
artificially smoothing according to equations (5.1) and (5.2) are similar to what is found in actual
inversions (Figures 5¢ - 5f).

Figure 3 shows that in general, because of the smoothing due to imperfect resolutign, the inferred
function W depends on the reference model that is used and may be a rather poor estimate of the
true W. To circumvent this problem, sound-speed inversions can be performed using a number of
reference models with different convection zone depths. From the result of each inversion, an average

deviation between the inferred W (W) and W for the reference model (W"*/) is calculatec

ry+d i
W = (24)"! \ (W™ (r) = W/ (r)]dr. (5.4)

(TN

Here ry is the location of the base of the convection zone in the reference model, and A is some
chosen (fixed) half-width over which the average is taken. Figures 3b and 3f suggest that if A is a
few per cent of the solar radius the “inferred” BW is positive when the reference model’s convection
zone is rather shallower than that of the unknown model, and negative when it is somewhat deeper;
that is, for these cases the sign of W is the same as it would be if the inferred é¢/c were exact.
When the convection zones in the unknown and reference models have almost the same depth, the
inferred SW is close to zero. Thus the idea is to obtain a null result by finding for what depth
of convection zone in the reference model the average deviation W is zero. We have performed
numerical experiments which verify that this determination is accurate and largely independent of

other aspects of the reference models employed, using the reference models described in § Va.
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Before discussing the tests performed ysing actual inversions, we continue to consider the effect
of artificial smoothing as specified by equations (5.1 - 5.2). For this purpose we shall consider
Model X (see § III) as the unknown model and use a subset of four of the reference models described
above (models 5 - 8 in Table 4); the depths of their convection zones range from 0.267R to 0.283R,
while the depth of the convection zone in Model X is 0.271R.

Figure 4 shows TW plotted against depth of convection zene compyted for artificially smoothed
relative sound-speed differences between Model X and the four reference models; here A = 0.02R.
The results for smoothing width d = 0.07R are indicated with plus signs. By interpolating linearly
among these points ope would infer that §W =0 at a depth of 0.277TR. The error in this estimate
of the depth of the conyection zone of Model X is thus 6 x 10~3R. This error arises principally
from the sensitivity of the “inferred” me.m to the non-zero exact sound-speed difference beneath the
models’ convectian zones. Even when the reference and unknown models’ convection zone depths
are almost identical, d¢/c is non-zero beneath the convection zone because the physics in the non-
convective interior is different, at least in the particular case under consideration here. Because
of the smoothing, this affects %c/c in the region over which W is calculated. If the smoothing
parameter d is decreased, the errors in § and its derivative in the region of interest are also
decreased, so that the depth determined from the zero intercept of SW is more accurate. If d is
reduced from 0.07R to 0.05R, for example, the error in the inferred depth is reduced from 6 x 10-3R
to 4 x 10-3R. The results for this case are shown with stars in Figure 4. To summarize, this is
an error which comes about from a sensitivity to the physics of the unknown model in the region
beneath the convection zone and is directly related to the resolution scale of the method; if the
physics in the unknown model were essentially the same as in the reference models up to depth of
order d beneath the convection zone, this error would be greatly reduced.

However, in the case of no smoothing (d — 0), the “inferred” depth of 0.2722R is still in error

by 1.0 x 10~3R (cf. the crosses in Figure 4). The source of this error, which is closely analogous to
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increase in §c/c beneath the convection zone is much more moderate in this case than in the case
of Model X (cf. Figure 7b). It may also be noted that the difference between the results for error-
free data and those for data with errors tends to increase with increasing number of spline knots,
which is consistent with the expectation that the error magnification will increase as the resolution
is improved.

Our inversions of artificial data also indicate that the sound speed at the base of the convection
zone can be accurately inferred by the differential method. This enables one to estimate the tem-
perature there (see § VII), which is of importance to the issue of lithium burning. For Model X, the
depth of the convection zone is 0.2712R and the sound speed (c3) at that depth is 2.144 x 107cms™?.
The 36-knot inversion of data set X.0 gives a value of 2.145 x 107cms=! at the exact location of
the base of the convection zone; and this value does not change by more than 0.002 x 107cms~!
even using the data set with largest errors and the 20-knot inversion. The Model Y inversions give
even more accurate results. Thus the accuracy of the determination of ¢; is very high if dy is known
exactly. Of course for the Sun we do not know d; exactly, and have to use the value inferred from
inversion. Thus the uncertainty in the value of dj introduces uncertainty in the determination of
cp. From equation (1.3) one can estimate that near r = 0.7R, |RdInc/dr| ~ 2.4; thus if the error in
dy is o(dy), and the corresponding contribution to the error in the determination of c; is o(cy), we
estimate that a(cy)/cy =~ 2.40(ds)/R. This is in accordance with the results of the inversions. In all
cases we have used the reference model with depth dy most nearly matching the inferred value when
inferring the sound speed. For data set X.0 and the inversion using 36 knot and A = 0.01R, for
which the inferred value of dj is in error by 9 x 10~%R, the inferred value of cs is 2.150 x 107cms~!.
For the corresponding inversion of the X.1 data, dy is in error by 1.3 x 10-3R and the inferred
¢y is 2.154 x 107cms~!. These results indicate that the dominant source of uncertainty in the

determination of c; is the uncertainty in the value of d;.

25

¢c) Evaluation of ervors in the differential depth determination

From the results of the numerical experiments described in the previous section, one can make
estimates of the ._:S_w~ error in the determination of dy from real solar data. We consider only the
36-knot, A = 0.01R determination, which provides our most accurate results. First there is an error
which comes from errors in the data set. Assuming that these have been adequately represented
in our experiments, this error can be estimated by comparing the results from data sets containing
realistic errors, in particular sets X.1, X.2 and Y.1, with those from error-free data, X.0 and Y.0.
In this way we estimate the error in dy from data errors to be £0.002R. This estimate includes the
effect, of a possible systematic scale-error in the high-degree data, as included in the X.1 data set.

The effeet, on the determination of dy of random and systematic errors in the frequencies can
alsa be estimated by noting that the inferred sound-speed difference can be expressed explicitly as

a linear combination of the data (cf. Christensen-Dalsgaard et al. 1990):

(5.5)

wlwav = Mié &

nd

Thus the sensitivity of the sound-speed inversion at some radius to any particular mode is given by
the coefficients dyn). These are shown in Figure 8 for ro = 0.65R and rq = 0.75R; the determination
of the depth of the convection zone is only sensitive to the sound-speed inversion in this range (cf.
equation (5.4)). The sound-speed inversion at these depths depends strongly on modes whose lower
turning points lie in the viginity; but modes of degree greater than 100, for which v/L < 50pHz,

make esgentially po contribution at r = 0.65R, and only a modest contribution at r = 0.75R. Thus

the depth determination should be insensitive to reasonable systematic errors in these modes. This

is particularly important in the light of the suspected systematic errors in the observed frequencies
at high degree (cf. § VIb). Furthermore the behaviour of the dn; explains the insensitivity of the

inversion to the inclusion of systematic errors in the frequencies of Model X (cf. Table 5).
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1) Systematic errors.

Author C found a sudden onset of systematic errors in mode set X.1 at [ = 110 — 120; the relative
magnitude of the error was estimated to be 1.5 x 10~2 in this region. This is in reasonable agreement
with the actual systematic error, with a relative magnitude of 2.5 x 10-3, starting from [ = 120,
Author C correctly inferred that there was no sudden onset of systematic errors in any of the other

data sets.
ii) Random errors.

The properties of the random errors were described in terms of the variation with degree in the
average standard deviation, between frequencies of 2.5 and 3.5 mHz, and the frequency dependence
of the standard deviation at low degree. Author C gave no detailed description of the errors; however,
the inferred general behaviour of the errors, particularly as a function of [, is in reasonable agreement
with the actual values. As a fairly typical example we may consider mode set X.1. Here the relative
standard deviation in frequency, scaled by S(w) (cf. equation (2.4)) was estimated to be around
3 x 10=4 for [ = 0 - 100, 6 x 10~* at [ around 300, 1.2 x 10~3 at I around 500, and even higher at
higher I. The actual scaled relative standard deviations at a frequency of 3 mHz are 2.5 —3.2 x 10~*
for | = 0 - 100, 7 x 10=* at | = 300, 1.0 x 10~3 at | = 500, and increasing to 1.7 x 10~3 at [ =
1000. The variation with frequency at low degree was recovered somewhat less successfully, although
author C correctly inferred that the standard deviation increases with frequency at high frequency.

A similar level of success was achieved for the other mode sets. In particular it might be noted
that for { > 100 the errors in mode set Y.2 were correctly found to be about 1/3 of the errors in

mode set Y.1 (as a result of the smaller value of w* in the latter set; cf. Table 2).
iii) Other properties of the models.

Author C attempted a fairly careful analysis of the properties of Model Y. From the behaviour of H,
resulting from the comparison with reference model 1, as well as the behaviour of the sound-speed
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difference resulting from the inversion in the outermost layers of the model, he correctly inferred that
physics of the outer layers of Model Y was similar to reference model 1, and that in particular the
equation of atate was very similar to EFF. He also estimated that the envelope helium abundance
in Model Y was 0.256 + 0.01, on the basis of a comparison with reference models 1 and 3; this is
consistent with the correct value of 0.249.

The frequency separations in g —Un_1,2 and Vs | —Vn_1.3, Where v, is the frequency of a mode
of order n and degree [, are sensitive to the variation of the hydrogen abundance in the solar core
(e.g. Provost 1984; Faulkner, Gough and Vahia 1986; Christensen-Dalsgaard 1986). By considering
these separations, author C concluded that there had been some mixing of the core of the model, to
an extent roughly intermediate between a standard model and the Schatzman et al. (1981) partially
mixed model with Re” = 100. A similar conclusion was reached on the basis of the behaviour of
the sound-speed difference in the core of the model (cf. Figure 7b). As described in § III the core
hydrogen abundance is in fact precisely halfway between the standard and the Re® = 100 model.
From the corresponding sound-speed difference for Model X (Figure Ta) author C correctly found

no evidence for mixing in that model.

VI. ANALYSIS OF OBSERVED FREQUENCIES

a) Results of absolute inverston

The solar data of Duvall et al. (1988) and Libbrecht and Kaufman (1988) (see § III) were
inverted in the manner described in § IV. The depth d; inferred by this method is 0.27T9R. In the
light of our experiments with artificial data, we therefore infer from the absolute inversion that the

depth dy of the solar convection zone is 0.279(+0.010)R.
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These expressions evidently depend on the assumption that the equation of state of the gas
can be adequately represented by a fully ionized ideal gas. Indeed, solar models indicate that only
about 1 per cent of the electrons are bound at the conditions corresponding to the base of the
convection zone. This effect, and non-ideal effects in the gas, give rise to errors in T} of less than 1
per cent. Furthermore, for all reference models in Table 4 vy = 1.664 at the base of the convection
zone. Thus the principal uncertainties in the determination of T, come from the uncertain chemical
composition, in particular the helium abundance Y, and the ::om:wiaw in the value of ¢;. It follows

from linearizing equation (7.2) about ¥ = 0.26, and taking Z = 0.02 and y = 1.664, that
Ty = 2.21(£0.04) x 10°{1 + 0.76(Y — 0.26)]K. (7.3)

The uncertainty of +0.04 x 105K comes from the uncertainty in cj.

To date a reliable direct determination of the solar helium abundance has not been possible.
Therefore one must resort to obtaining Y from calibration of solar models. As remarked in Table 4,
the outcome depends in particular on the opacities used, since the constraint on the luminosity
provides a relationship between composition and opacity in the deep interior; for a given opacity
table, this fixes s in the convection zone. Interpolating in the table to models with the inferred
dy, we find that Y = 0.237 and 0.285 for the CT and the LAOL opacities, respectively. Based
on measurements of the helium abundance in other astrophysical systems as well as on evidence
from cosmology it appears unlikely that Y deviates substantially from the range 0.23 to 0.30 (e.g.
Boesgaard and Steigman 1985; Pagel 1989). According to equation (7.3) this corresponds to T
being in the range 2.12 — 2.32 x 108 K; the uncertainty in c; and the assumed range in Y contribute
roughly equally to the uncertainty in Ty. We emphasize that given an improved determination of Y
a more accurate estimate of T, can be obtained from equation (7.3).

Alternatively, given dy one can estimate the temperature at the base of the solar convection

zone from solar models. Figure 11 illustrates the dependence of T, on d,, and on the physics of the
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models, in the reference models in Table 4. These dependencies may be understood by noting that

from the approximate expression (1.3) for ¢ and équation (7.1) we obtain

ﬁn:l-;tmm Amu v (7.9

One can estimate the solar value of Ty by determining what the values would be for models con-
structed with the same physical assumptions as the reference models and with dy as determined for
the Sun. In Figure 11 the shaded region indicates the inferred range of the solar value of d; from
this one would estimate that T} is in the range 2.15 — 2.30 x 107cms~!. Given that the temperature
at the base of the convection zone is essentially determined by Y and dy, and that the range of ¥’
found in our reference models is contaiped in, but somewhat smaller than, the range assumed for
our previous estimate of T}, it is not surprising that the estimate based on Figure 11 results in a
smaller range in T}.

It is also of some interest to estimate the mass Am, contained within the convection zone. The
relation between Amy, and the depth of the convection zone depends on the physics of the model,
in particular the opacity. From a graph similar to Figure 11 we estimate that Am, is 2.2 + 0.2

per cent of the solar mass.

VIII. DISCUSSION

In traditional solar mqdels there is an essentially discontinuous transition at the base of the
convection zone between very nearly adiabatic and purely radiative stratification. To within the
spatial resolution of our inversions, the Sun is no different. This is illustrated by the scaled sound-
speed gradient W defined in equation (1.4); as shown in Figure 10b the behaviour of W(r) inferred
from the Sun’s oscillation frequencies is very similar to that in a theoretical model for which the

convection zone has approximately the same depth. The location of the transition from adiabatic
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Both our methods are derived from the same asymptotic formula (2.1) for the oscillation fre-
quencies, but the other assumptions on which they are based are quite different. The absolute
method uses only on the formula itself, and does not rely directly on a theoretical model of the
Sun. Although the differential sound-speed inversion method depends on a reference model, we have
previously shown (Christensen-Dalsgaard, Gough and Thompson 1989) that the sound speed can be
determined quite accurately even when the unknown model and reference model differ considerably.
However, the inferred sound-speed difference éc/c is perforce a smooth function of radius; any sharp
features in the sound speed c(r) of the reference model therefore tend to persist in the inferred
sound speed (1 +§w23. This is a hindrance for our present purpose, where we seek to identify
the base of the convection zone by locating a near-discontinuity in the sound-speed gradient. For
this reason we have performed what amounts to a calibration of the Sun against a collection of
theoretical models, utilizing the results of differential sound-speed inversions. Of course the method
calibrates only a very limited aspect of the models, essentially only the sound speed in the vicinity of
the base of the convection zone. Therefore, even though the method as implemented uses complete
solar models, our determination of dj is hardly influenced, for example, by errors in our modelling
of the uncertain structure of the radiative interior or of the surface layers.

Such insensitivity to the reference models is not necessarily a property of estimates of a quantity
such as temperature, which cannot be determined directly by seismology. The relationship between
sound speed and temperature depends on the composition and the thermodynamic state of the gas,
which must be inferred by other means. At the base of the convection zone the perfect gas law (4.4)
is satisfied quite well, and the most abundant elements are almost fully ionized; therefore v ~ 5/3
and the mean molecular weight is quite simply represented in terms of the helium abundance Y.
Given that the sound speed at the base of the convection zone has now been determined, a knowledge
of Y would enable one to determine the temperature Ty there. One may hope that in future the

value of Y will be determined seismologically in the Hell ionization zone (Dappen and Gough 1984).
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Indeed, Y has been inferred to within 0.01 from the frequencies of unknown theoretical models
(Dappen, Gough and Thompson 1988; see also § Vd). Since at least the adiabatically stratified
part of the convection zone is indisputably chemically mixed, this will provide the most important
missing information for determining 7;. Until then we are forced to depend on solar models and on
evidence from other areas of astrophysics and cosmology to restrict the range of possibilities.
Typical values of d; for evolution models computed with the “standard” assumptions of stellar
structure are given in Table 4, for reference models 1 - 4. When the Cox and Tabor opacities are used,
the results are quite close to those obtained from helioseismology (models 1 and 2). On the other
hand, use of the more modern Los Alamos Opacity Library (LAOL) yields models with substantially
too shallow a convection zone, and a temperature T} of only 2.0 x 108 K at its base (models 3 and
4). The recent “standard” solar models of Bahcall and Ulrich (1988) and Turck-Chiéze et al. (1988)
share this deficiency. It is only after artificially modifying the opacities derived from LAOL that
the correct value of dy is achieved. For the parameters we have chosen this requires the maximum
fractional increase in opacity (which occurs for T < T =~ 4 x 10° K) to be 28 per cent, which is
roughly consistent with the findings of Cox, Guzik and Kidman (1989) and Korzennik and Ulrich
(1989). To maintain that the LAOL opacities are nonetheless close to the truth requires modification
of other aspects of the model to reconcile the depth of the convection zone with what is now measured.
Indeed, it follows from equation (8.3) that a large-scale megagauss magnetic field just beneath the
base of the convection zone might account for the difference between the seismically inferred value of
dp and the value obtained in the LAOL models. In any case, when comparing the inferred solar value
of dy with that resulting from “standard” solar models it must be kept in mind that in the latter
the adiabatic stratification only extends over the region that is unstable to convection. The increase
in the depth of the adiabatically stratified region required for the LAOL models is approximately
one quarter of the pressure scale height at the base of the convection zone; we note that this is not

inconsistent with estimates of the extent of the overshoot region (van Ballegooijen 1982; Schmitt,
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APPENDIX A: SOUND SPEED NEAR THE BASE OF THE CONVECTION ZONE

(i) Stratification of the lower regions of the convection :zone
We presume that the matter is fully ionized, so that v is constant and thus
p=Kp7, (A1)
where K is a constant. Let

m(r) = M[1 - ¢(r)}; (A2)

€(r) is small (S 0.02) throughout the convection zone. Then the equation of hydrostatic suppost

2 _Sme (43)
can be integrated to give
f2Zo-nGl (eer [ Llar), (49
where
i=2-%,

and r. is a constant radius which for the Sun is very close to R.
To a first approximation, € is the fractional depth, so ignoring the term in € equations (A1) and
(A4) give
P = pof", (45)
where n = 1/(y — 1) = 1.5 in the lower convection zone. This approximation can then be used to
evaluate ¢:
—Mde = dm = 4xr’pdr ~ lmm.. pdé,

de~ Aawa

poé(1 - )*dE (A46)
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Equition (A4) can be rewtitten as

& zsusmm@:uim. (A7
where .
£

e = ()} \c o(€)de" (A8)

which can be computed by integrating equation {A6). Evaluated near the base of the convection

zone (where & = 0.4), ¢ = 0.25 + 0.38€ =~ 0.4; moreover, ¢ is small, so equation (A7) yields

Py :mm Am - mv (2)" (49)

r Te

(ii) Stratification of the outer layers of the radiative interior

We assume that ¥ and g are constans, snd that

Py ki)
F

I _ _p2t

(A10)
dr

where A, A and v can also be treated as constants. Suppose further that v. ariations in m with radius
can be neglected, and that the equation of state can be represented by the vm;.mna.rnum law (equation
4.4). Then equation (A10) and the equation (A3) of hydrostatic support yield an equation. for dp/dT

which can be integrated to give

142 o, 1+AGm AWV» Aﬁuv@
P E2E (2) T (R (Al1)

where Ty is a constant and .

a=4+A+v. (A12)

It is presumed (and can be verified a posterior:) that To/T is small in the region of interest. Equa-

tion (A11) can be solved for T/Tp in terms of p/pg, where po is another undetermined constant:

c+5a L:::_.
Hn Ahv T; Ahv . EE
To Po Po
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increasing w, and labelled with their position i in that sequence. Then a(w) was determined by
iteration, by setting

a(w) = ag + T w(w; ag); (B1)

here aq is a constant, and ¢ was initially set to zero, and was subsequently obtained from the

preceding iteration. Introducing

Fo= X0t ) Lo, (B2)

Wi

o was determined by minimizing
I-1
S (Ficy = 2R+ Fin)%, (B3)
i=2

to make F as near as possible to a single-valued function of w. The resulting function was smoothed:

F — SF, and then ¢ was redetermined by introducing a discrete mesh w; ofw and averaging equation

(B2):
1- i Fi
T =J7t Y (Bs)

the sums being over all / modes with frequencies within haif a mesh interval of w;. Finally, F was
recomputed from equation (B2) and transferred to a computational grid for inverting equation (2.2).
In practice twenty equal mesh intervals in w over the range [Wmin, Wmaz] spanned by the data were
used.

The smoothing of the function F was carried out using two passes of a cosine-weighted running

mean over five modes: SF = M?F, where

i+2 i+2
MF; =Y wiiFil Y v, (B6)
-2 =2

with vi; = cos[(i — j)w/6] if 1 < j < I and v;; = 0 otherwise. Subsequently F' was transferred to a
new mesh, used for inverting the Abel equation, by means of uniformly weighted linear regression on
all modes having w within half a mesh interval of the appropriate mesh point. The computational

45

mesh comprised 201 points, uniformly divided in log w between c(R)/R and the greatest value for

which there was an observation.
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TABLE 3 TABLE 4.

RESULTS OBTAINED WITH THE ABSOLUTE METHOD REFERENCE MODELS
FOR ARTIFICI i
AL DATA Model Equation Opacity Energy Evolution Yo dy/R Ty
Frequency dy/R v no. of state Table A generation or static (108 K)
set.
1 EFF CcT 0. FCZ E 0.2473  0.2825 2.140
X.1 0.2626  5.66
2 MHD CT 0. FCZ E 0.2371 0.2851 2.165
X.2 0.2680 5.66
3 EFF LAOL 0. P E 0.2821 0.2638 1.997
X3 0.2720 5.45
4 MHD LAOL 0. P E 0.2724  0.2668 2.028
X.4 0.2710 5.45
5 MHD CT -0.07 P S 0.2260  0.2674 1.968
X.0 0.2705 5.45
6 MHD CT -0.05 P S 0.2284  0.2719 2.016
Y1 0.2864  5.45 7 MHD CT -0.02 P S 0.2320 0.2786 2.090
o
Y2 0.2828  5.45 8 MHD CT 0. P S 0.2343  0.2827 2.136
Y3 02740  5.45 9 MHD CT 0.04 P S 0.2387  0.2905 2.225
10 MHD CT 0.1 P S 0.2452  0.3013 2.352
Y.0 0.2688 5.25
11 MHD LAOL 0.05 P S 0.2801  0.2751 2.126
12 MHD LAOL 0.07 P S 0.2821  0.2794 2.175
NOTES.—Frequency sets labelled X.n and Y.n refer to different error realizations for the unknown
13 MHD LAOL 0.1 P S 0.2850  0.2857 2.247
Models X and Y (cf. Table 2). The second and third columns give the fractional depth dy/R of
14 MHD LAOL 0.15 P S 0.2895  0.2958 2.366
the convection zone and the temperature exponent v of the opacity as inferred using the absolute
15 MHD LAOL 0.2 P S 0.2939  0.3055 2.483

method described in § IV. The exact values of dy for Models X and Y are 0.2712R and 0.2793R

respectively.

NOTES.—EFF and MHD refer to the equations of state of Eggleton et al. (1973) and Mihalas
et al. (1988) respectively. CT denotes the Cox and Tabor (1976) opacity tables, whereas LAOL

refers to the Los Alamos Opacity Library (Huebner et al. 1977) supplemented by additional opacity
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TABLE 6.

RESULTS FOR THE SUN

Inversion method Inferred depth  Inferred sound speed
dy/R ¢ (107cms™1)

L}

. Absolute 0.279 2.19
Differential, 20 knots, A = 0.02R 0.2878 2.239

: Differential, 28 knots, A = 0.02R 0.2870 2.235
Differential, 36 knots, A = 0.02R 0.2870 2.234
Differential, 36 knots, A = 0.01R 0.2869 2.233

NOTE.—The table gives the depth dj of the solar convection zone, and the sound speed c, at this
depth, as inferred by the techniques presented in this paper from the combined data set of Duvall

et al. (1988) and Libbrecht and Kaufman (1988).
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FIGURE CAPTIONS:

Figure 1. The sound speed in the Sun as inferred by Christensen-Dalsgaard et al. (1985) (solid
curve); the dashed curve shows the sound speed in a standard solar model for comparison. The inset

shows in greater detail the inferred sound speed near the base of the convection zone.

Figure 2. The particular error realization added into the frequency set X.1 for testing the inversion
procedures. In addition to the much greater spread for shallowly penetrating modes, note the

systematic error introduced for modes of degree I > 120.

Figure 3. (a) The exact sound-speed difference between Model X and reference model 10 of Table 4
(dashed line), in the sense Model X minus reference model. The solid line shows the sound-speed
difference after it has been artificially smoothed according to equations (5.1) - (5.3), with d = 0.07R.
The convection zone in Model X is shallower than that in the reference model; this causes the negative
excursion in éc just beneath the base of the convection zone in Model X. (b) Corresponding to (a),
this panel shows ,Amo_a curve) the function W estimated for Model X by using (1 + é¢c/c)c(r) as the
sound speed in definition (1.4), where ¢(r) is the exact sound speed in the reference model and éc/c
is the artificially smoothed sound-speed difference shown as a solid curve in (a). Also shown are the
exact functions W for Model X (dot-dash line) and the reference model (regular dashed line). (c)
As (a) but using reference model 6 of Table 4. The convection zones in Model X and the reference
model have similar depths. (d) As (b) but corresponding to the reference model used in panel (c).
(e) As (a) but using reference model 5 of Table 4. In this case the convection zone of Model X is
slightly deeper than that in the reference model. (f) As (b) but corresponding to the reference model

used in panel (e).
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§c/c is very small near the base of the convection zone. The negative §c/c at r ~ 0.4R indicates
that the assumed opacity modification extends to too high a temperature. (b) The inferred function
W for the 36-knot inversion of the solar data (solid curve), together with IV for the reference model

(dashed curve).

Figure 11. Temperature Tj at the base of the convection zones of the reference models listed in
Table 4. Filled symbols represent evolutionary models, and open symbols represent static models
computed with opacity adjusted as in equation (3.1) and with the hydrogen abundance and mixing-
length parameter scaled in the manner described in the text such as to yield the correct solar radius
and luminosity. Circles represent models computed with the MHD equation of state (Mihalas et
al. 1988) and squares with the EFF equation of state (Eggleton et al. 1973). The lower sequence
of models, connected by a straight line, was computed with opacities interpolated from the tables
of Cox and Tabor (1976); the upper sequence used the Los Alamos Opacity Library (Huebner et
al. 1977). The arrows indicate the direction of increasing opacity scaling factor A and increasing
envelope helium abundance Yj in the static models. The shaded vertical band extends over the range

of uncertainty in the value of dy/ R determined from the inversion of the solar p-mode frequencies.
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