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1.1. Heat Equation ∂w
∂t

= a∂2w
∂x2

1.1-1. Particular solutions of the heat (diffusion) equation:

w(x) = Ax + B,

w(x, t) = A(x2 + 2at) + B,

w(x, t) = A(x3 + 6atx) + B,

w(x, t) = A(x4 + 12atx2 + 12a2t2) + B,

w(x, t) = x2n +
n∑

k=1

(2n)(2n − 1) . . . (2n − 2k + 1)
k!

(at)kx2n−2k,

w(x, t) = x2n+1 +
n∑

k=1

(2n + 1)(2n) . . . (2n − 2k + 2)
k!

(at)kx2n−2k+1,

w(x, t) = A exp(aµ2t ± µx) + B,

w(x, t) = A
1√
t

exp

(
−

x2

4at

)
+ B,

w(x, t) = A exp(−aµ2t) cos(µx + B) + C,

w(x, t) = A exp(−µx) cos(µx − 2aµ2t + B) + C,

w(x, t) = A erf

(
x

2
√

at

)
+ B,

whereA, B, C, andµ are arbitrary constants,n is a positive integer, erfz ≡
2√
π

∫ z

0
exp(−ξ2) dξ is

the error function (probability integral).

1.1-2. Formulas allowing the construction of particular solutions for the heat equation.

Supposew = w(x, t) is a solution of the heat equation. Then the functions

w1 = Aw(±λx + C1, λ2t + C2) + B,

w2 = A exp(λx + aλ2t)w(x + 2aλt + C1, t + C2),

w3 =
A√

|δ + βt|
exp

[
−

βx2

4a(δ + βt)

]
w

(
± x

δ + βt
,

γ + λt

δ + βt

)
, λδ − βγ = 1,

whereA, B, C1, C2, β, δ, andλ are arbitrary constants, are also solutions of this equation. The last
formula withβ = 1, γ = −1, δ = λ = 0 was obtained with the Appell transformation.

1.1-3. Cauchy problem and boundary value problems for the heat equation.

For solutions of the Cauchy problem and various boundary value problems, seenonhomogeneous
heat equationwith Φ(x, t) ≡ 0.

1.1-4. Other types of heat equations.

See also related linear equations:
• nonhomogeneous heat equation,
• convective heat equation with a source,
• heat equation with axial symmetry,
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• nonhomogeneous heat equation with axial symmetry,
• heat equation with central symmetry,
• nonhomogeneous heat equation with central symmetry.
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