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1.6. Heat Equation with Central Symmetry ∂w
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This is the heat (diffusion) equation with central symmetry,r =
√

x2 + y2 + z2 is the radial coordinate.

1.6-1. Particular solutions of the heat equation with central symmetry:

w(r) = A + Br−1,

w(r, t) = A + B(r2 + 6at),

w(r, t) = A + B(r4 + 20atr2 + 60a2t2),
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,

w(r, t) = A + 2aBtr−1 + Br,

w(r, t) = Ar−1 exp(aµ2t ± µr) + B,
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w(r, t) = Ar−1 exp(−aµ2t) cos(µr + B) + C,

w(r, t) = Ar−1 exp(−µr) cos(µr − 2aµ2t + B) + C,
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whereA, B, C, andµ are arbitrary constants,n is an arbitrary positive integer.

1.6-2. Reduction to a constant coefficient equation. Some formulas.

1◦. The substitutionu(r, t) = rw(r, t) brings the original equation with variable coefficients to the
constant coefficient equationut = aurr, which is discussed inSubsection 1.1.

2◦. Supposew = w(r, t) is a solution of the heat equation with central symmetry. Then the functions

w1 = Aw(±λr, λ2t + C) + B,

w2 =
A

|δ + βt|3/2 exp

[
−
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4a(δ + βt)

]
w

(
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,

γ + λt
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)
, λδ − βγ = 1,

whereA, B, C, β, δ, andλ are arbitrary constants, are also solutions of this equation. The second
formula may usually be encountered withβ = 1, γ = −1, andδ = λ = 0.

1.6-3. Boundary value problems for the heat equation with central symmetry.

For solutions of various boundary value problems, seeSubsection 1.7with Φ(r, t) ≡ 0.
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