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The Klein—Gordon equation is encountered in quantum field theory and a number of applications.

2.3. Klein—Gordon Equation

2.3-1. Particular solutions of the Klein—-Gordon equation:
w(z,t) = cosQz)[Acosut) + Bsin(ut)], b=-a? %+ 42,
w(z, t) = sin(\x)[A cos@t) + Bsin(ut)], b=-a? %+ 2,
w(z,t) = explut)[Acosz) + Bsin(\z)], b=-a’\? -2,
w(z,t) = expeAz)[Acost) + Bsin(ut)], b =a?\?+ u?,
w(z, t) = expAz)[Aexput) + BexpEut)], b=a?\? - i,

w(z,t) = AJo(€) + BYo(§), €= g\/az(t +C1)? ~ (@ +C2)%, b>0,

(e, 1) = AT©) + BEo), €= Y1 \/air CP (v CP, b<0

whereA, B, C1, andC> are arbitrary constantdy(£) andYp(€) are the Bessel functions, arfig(¢)
and Ky(&) are the modified Bessel functions.

2.3-2. Formulas allowing the construction of particular solutions.

Supposeav = w(z, t) is a solution of the Klein—Gordon equation. Then the functions

w1=Aw(ix+C’1,it+Cz)+B,
w =Aw< x —vt t —va %z )
2 \/1—(1)/@)2’ V1-(v/a)? '

whereA, B, C1, C, andv are arbitrary constants, are also solutions of this equation. The signs in
the formula forw; are taken arbitrarily.

2.3-3. Domain:; 0< x < I. Boundary value problems for the Klein—-Gordon equation.

For solutions of the first and second boundary value problems, seedhieomogeneous Klein—
Gordon equaticrfor ®(z,t) = 0.
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