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3.2. Poisson Equation ∆w + Φ(x) = 0

The two-dimensional Poisson equation has the following form:
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∂y2 + Φ(x,y) = 0 in the Cartesian coordinate system,
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∂ϕ2 + Φ(r,ϕ) = 0 in the polar coordinate system.

3.2-1. Domain: –∞ < x < ∞, –∞ < y < ∞.

Solution:
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3.2-2. Domain: –∞ < x < ∞, 0 ≤ y < ∞. First boundary value problem.

A half-plane is considered. A boundary condition is prescribed:

w = f (x) at y = 0.

Solution:

w(x,y) =
1
π

∫ ∞
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3.2-3. Domain: 0≤ x < ∞, 0≤ y < ∞. First boundary value problem for the Poisson equation.

A quadrant of the plane is considered. Boundary conditions are prescribed:

w = f1(y) at x = 0, w = f2(x) at y = 0.

Solution:
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3.2-4. Domain: 0≤ x ≤ a, 0 ≤ y ≤ b. First boundary value problem for the Poisson equation.

A rectangle is considered. Boundary conditions are prescribed:

w = f1(y) at x = 0, w = f2(y) at x = a,

w = f3(x) at y = 0, w = f4(x) at y = b.

Solution:
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2 POISSONEQUATION

Two forms of representation of the Green’s function:

G(x,y, ξ,η) =
2
a

∞∑

n=1

sin(pnx) sin(pnξ)
pn sinh(pnb)

Hn(y,η) =
2
b
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m=1

sin(qmy) sin(qmη)
qm sinh(qma)

Qm(x, ξ),

where

pn =
πn

a
, Hn(y,η) =

{
sinh(pnη) sinh[pn(b − y)] for b ≥ y > η ≥ 0,
sinh(pny) sinh[pn(b − η)] for b ≥ η > y ≥ 0,

qm =
πm

b
, Qm(x, ξ) =

{
sinh(qmξ) sinh[qm(a − x)] for a ≥ x > ξ ≥ 0,
sinh(qmx) sinh[qm(a − ξ)] for a ≥ ξ > x ≥ 0.

3.2-5. Domain: 0≤ r ≤ R. First boundary value problem for the Poisson equation.

A circle is considered. A boundary condition is prescribed:

w = f (ϕ) at r = R.

Solution in the polar coordinates:

w(r,ϕ) =
1

2π

∫ 2π

0
f (η)

R2 − r2

r2 − 2Rr cos(ϕ − η) + R2 dη +
∫ 2π

0

∫ R

0
Φ(ξ,η)G(r,ϕ, ξ,η)ξ dξ dη,

where

G(r,ϕ, ξ,η) =
1
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ln

r2ξ2 − 2R2rξ cos(ϕ − η) + R4

R2[r2 − 2rξ cos(ϕ − η) + ξ2]
.
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