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3.3. Helmholtz Equation Aw + Aw = —®(X)

Many problems related to steady-state oscillations (mechanical, acoustical, thermal, electromag-
netic) lead to the two-dimensional Helmholtz equation. kot O, this equation describes mass
transfer processes with volume chemical reactions of the first order.

The two-dimensional Helmholtz equation has the following form:

2 2
a_w + 6—w + Aw = -®(x,y) inthe Cartesian coordinate system,
0x2  Oy?
1 1 02 . .
_ﬂ ra—w + —6—w + A \w =-®(r, ) inthe polar coordinate system.
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3.3-1. Particular solutions of the homogeneous Helmholtz equation wit® = 0.
1°. Particular solutions of the homogeneous Helmholtz equation in the Cartesian coordinate system:
w = (A cospyz + B sinpuyx)(C cosppy + D sinjizy), A= pd + s,
w = (A cosurx + B sinuyz)(C coshuyy + D sinhuoy), A =2 =,
w = (A coshuyz + B sinhpyx)(C cosugy + D sinuay), A==+ 3,
w = (A coshyyz + B sinhpyx)(C coshupy + D sinhppy), A = —p2 = 13,
whereA, B, C, andD are arbitrary constants.
2°. Particular solutions of the homogeneous Helmholtz equation in the polar coordinate system:
w = [Ad (ur) + BY,,(ur)](C cosme + D sinme), A = i,
w = [ALy, (ur) + BK,,(ur)](C cosme + Dsinmey), A= -2,
wherem =1, 2, ...; A, B, C, D are arbitrary constants; thg, (1) andY,,(u) are the Bessel
functions; and th€,,, (1) and K,,, (1) are the modified Bessel functions.
3.3-2. Domain: -e0 < x < 00, —00 < y < 0.

1°. Solution for\ = —s2 < 0:

e =5 [ [ eEnKasadedn o= VTP

2°. Solution for\ = k2 > 0;

=g [ [ e€nrPtddedn, o= V=GR

whereH((Jz)(z) is the Hankel function of the second kind of ord&r The radiation conditions
(Sommerfeld conditions) at infinity were used to obtain this solution.

3.3-3. Domain: -eo < x < 0o, 0 < y < oco. First boundary value problem.

A half-plane is considered. A boundary condition is prescribed:
w=f(x) at y=0.
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2 HELMHOLTZ EQUATION

Solution:
_ o0 g o0 o0
wen)= [ 0| growmen| dex [ [ aenceended
1°. The Green’s function fok = —s2 < O
1
G(z,y,§m) = o [Ko(se1) — Ko(se2)],

01=V @ -2+ -n)2 02=(z-E2+(y+n)

2°. The Green'’s function fok = k2 > O:

G(e9.61) = =5 [HP (hoy) - HP (heo)]

3.3-4. Domain: 0< x < a, 0 < y < b. First boundary value problem.

A rectangle is considered. Boundary conditions are prescribed:
w=fi(y) at z=0, w=foly) at z=a,
w = f3(x) at y=0, w = fq(x) at y=b.

1°. Eigenvalues of the homogeneous problem wiitke O (it is convenient to label them with a
double subscript):

2 2
. 2" m-y. - . -
)\nm—ﬂ' (C[?+l)2>’ n—1,2,..., m—1,2,...
Eigenfunctions and the norm squared:
[ nmz\ . [ mny o _ab
nm — sinf ——)sinf —— |, nm = A
wn =sin( "7 Ysin( ) = 5

2°. Solution for\ # \,,,.:

a b
Wz, g) = /0 /O B, 1)C e,y €,) d de

b b
+/0 fa(n) [ggG(x,y.E,n)L_odn-/o fz(n)[ggG(x,y,E,n)L_ dn
+ /0 fs(g)[;G(x,y,f,n)] de - /O f4(£){£]G(w,y,€,n)} de.
n=0 n=b

Two forms of representation of the Green’s function:

_ 2 & sinp,z) sin,€) _ 2 = Sin(gmy) sin(gmn)
G(z,y,6m) = w ; ﬁnsin—MBnb)H"(y’") 7 W;l L SN @) Qm(z, &),

where

_mmn Y R _ sinh@,n)sinh[3,,(b—-y)] for b=y >n=0,
Pn == P \/ZT’ n(y:1) {sinh(ﬁny) sinh[3,(b-n)] for b=2n>y=0,

_mm _ _ _ [ sinh(ux,8) sinh[u,(a—2)] for a=za>¢ 20,
Gm =0 Hm =@ A Qn(8) = {sinh(umx) sinh[um(a—-&)] for a=&>x 20,
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