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5.1. Equation of Transverse Vibration of the Form ∂2w
∂t2 + a2 ∂4w

∂x4 = 0

Equation of transverse vibration of elastic rods.

5.1-1. Particular solutions:

w(x, t) = (Ax3 + Bx2 + Cx + D)t + A1x
3 + B1x

2 + C1x + D1,

w(x, t) =
[
A sin(λx) + B cos(λx) + C sinh(λx) + D cos(λx)

]
sin(λ2at),

w(x, t) =
[
A sin(λx) + B cos(λx) + C sinh(λx) + D cos(λx)

]
cos(λ2at),

whereA, B, C, D, A1, B1, C1, D1, andλ are arbitrary constants.

5.1-2. Domain: –∞ < x < ∞. Cauchy problem.

Initial conditions are prescribed:

w = f (x) at t = 0, ∂tw = ag′′(x) at t = 0.

Boussinesq solution:

w(x, t) =
1√
2π

∫ ∞

−∞
f
(
x−2ξ

√
at

)(
cosξ2+sinξ2) dξ+

1
a
√

2π

∫ ∞

−∞
g
(
x−2ξ

√
at

)(
cosξ2−sinξ2) dξ.

5.1-3. Domain: 0≤ x < ∞. Free vibration of a semiinfinite rod.

The following conditions are prescribed:

w = 0 at t = 0, ∂tw = 0 at t = 0 (initial conditions),

w = f (t) at x = 0, ∂xxw = 0 at x = 0 (boundary conditions).

Boussinesq solution:

w(x, t) =
1√
π

∫ ∞

x/
√

2at

f

(
t −

x2

2aξ2

)(
sin

ξ2

2
+ cos

ξ2

2

)
dξ.

5.1-4. Domain: 0≤ x ≤ l. Boundary value problems.

For solutions of various boundary value problems, seeSubsection 5.2for Φ ≡ 0.
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