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This is ahydrodynamic boundary layer equation with pressure gradient(it is obtained from the
boundary layer equations by introducing the stream functionw.

1◦. Supposew(x,y) is a solution of the equation in question. Then the functions

w1 = ±w(x,±y + ϕ(x)) + C,

whereϕ(x) is an arbitrary function andC is an arbitrary constant, are also solutions of the equation.

2◦. Degenerate solutions (linear and quadratic iny) for arbitraryf (x):

w(x,y) = ±y

[
2

∫
f (x) dx + C1

]1/2

+ ϕ(x),

w(x,y) = C1y
2 + ϕ(x)y +

1
4C1

[
ϕ2(x) − 2

∫
f (x) dx

]
+ C2,

whereϕ(x) is an arbitrary function, andC1 andC2 are arbitrary constants. These solutions are
independent ofν and correspond to inviscid fluid flows.

3◦. Table lists invariant solutions to the boundary layer equation with pressure gradient.

TABLE
Invariant solutions to the hydrodynamic boundary layer equation
with pressure gradient (a, k, m, andβ are arbitrary constants)

No. Functionf (x) Form of solutionw = w(x,y) Functionu or equation foru

1 f (x) = 0 See equation 5.1.5 See equation 5.1.5

2 f (x) = axm
w=x

m+3
4 u(z), z =x

m−1
4 y

m+1
2 (u′z)2 − m+3

4 uu′′zz = νu′′′zzz + a

3 f (x) = aeβx w = e
1
4 βxu(z), z = e

1
4 βxy

1
2 β(u′z)2 − 1

4 βuu′′zz = νu′′′zzz + a

4 f (x) = a w = kx + u(y) u(y)=
{

C1 exp
(
− k

ν y
)

− a
2k y2+C2y if k ≠ 0,

− a
6ν y3 + C2y

2 + C1y if k = 0

5 f (x) = ax−3 w = k ln |x| + u(z), z = y/x −(u′z)2 − ku′′zz = νu′′′zzz + a

4◦. Generalized separable solution forf (x) = ax + b:

w(x,y) = xF (y) + G(y),

where the functionsF = F (y) andG = G(y) are determined by the system of ordinary differential
equations

(F ′y)2 − FF ′′yy = νF ′′′yyy + a, F ′yG′y − FG′′yy = νG′′′yyy + b.

5◦. Solutions forf (x) = −ax−5/3:

w(x,y) =
6νx

y + ϕ(x)
±
√

3a

x1/3 [y + ϕ(x)],

whereϕ(x) is an arbitrary function.
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6◦. Solutions forf (x) = ax−1/3 − bx−5/3:

w(x,y) = ±
√

3b z + x2/3θ(z), z = yx−1/3,

where the functionθ = θ(z) is determined by the ordinary differential equation1
3 (θ′z)2 − 2

3 θθ′′zz =
νθ′′′zzz + a.

7◦. Generalized separable solution forf (x) = aeβx:

w(x,y) = ϕ(x)eλy −
a

2βλ2ϕ(x)
eβx−λy − νλx +

2νλ2

β
y +

2νλ

β
ln |ϕ(x)|,

whereϕ(x) is an arbitrary function andλ is an arbitrary constant.
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