Japanese Mathematical Olympiad 1993

Final Round — February 11

1. Suppose that two different wordsandB have the same lengtih> 1 and that
they differ in the first letter only. Prove thAtor B is not periodic.

2. Letd(n) denote the largest odd divisor oE N. Define

D(n)=d(1)+d(2)+---+d(n),
TN =1+2+---4n.

Show that there exist infinitely many numbersuch that ®(n) = 2T (n).

3. Ina contestx students took part andproblems were posed. Each student solved
y/2 problems and every problem was solved by the same numbteidefrgs. For
any two students, only three problems were solved by botheyht Determine
all possible pairgx,y), and for each suctx,y) give an example of the matrix
(ayj) defined bya;j; = 1 if i—th student solved th¢—th problem andy; =0
otherwise.

4. Five diameters of a sphere are given, no three of whichraagplane. Among
the 32 possible choices of an endpoint from each segmenttfindumber of
choices for which the 5 points are in a hemisphere.

5. Prove that there is a const&ht> 0 such that the inequality
0<x<2

n n
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holds for anyn € N and any real numbegs, ay, ..., an.
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