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Twisted self-duality for higher spin gauge fields and prepotentials
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We show that the equations of motion for (free) integer higher spin gauge fields can be formulated as
twisted self-duality conditions on the higher spin curvatures of the spin-s field and its dual. We focus on the
case of four spacetime dimensions, but formulate our results in a manner applicable to higher spacetime
dimensions. The twisted self-duality conditions are redundant and we exhibit a nonredundant subset of
conditions, which have the remarkable property to involve only first-order derivatives with respect to time.
This nonredundant subset equates the electric field of the spin-s field (which we define) to the magnetic
field of its dual (which we also define), and vice versa. The nonredundant subset of twisted self-duality
conditions involve the purely spatial components of the spin-s field and its dual, and also the components of
the fields with one zero index. One can get rid of these gauge components by taking the curl of the
equations, which does not change their physical content. In this form, the twisted self-duality conditions
can be derived from a variational principle that involves prepotentials. These prepotentials are the higher
spin generalizations of the prepotentials previously found in the spins 2 and 3 cases. The prepotentials have
again the intriguing feature of possessing both higher spin diffeomorphism invariance and higher spin
conformal geometry. The tools introduced in an earlier paper for handling higher spin conformal geometry
turn out to be crucial for streamlining the analysis. In four spacetime dimensions where the electric and
magnetic fields are tensor fields of the same type, the twisted self-duality conditions enjoy an SO(2)
electric-magnetic invariance. We explicitly show that this symmetry is an “off-shell symmetry” (i.e., a
symmetry of the action and not just of the equations of motion). Remarks on the extension to higher

dimensions are given.

DOI: 10.1103/PhysRevD.94.105027

I. INTRODUCTION

Gravitational theories exhibit fascinating “hidden sym-
metries” upon dimensional reduction [1,2]. These hidden
symmetries involve duality in an essential way. For
instance, in the case of 11-dimensional supergravity
reduced to four dimensions, the hidden E; symmetry
includes SO(2) electric-magnetic duality invariance acting
on the 28 Abelian gauge fields present in the theory [2].

It has been conjectured that these hidden symmetries
might actually already be present prior to dimensional
reduction, although not manifestly so, and recent analysis
in the light cone formalism supports this conjecture [3].
It has also been speculated that the finite-dimensional
symmetries uncovered by dimensional reduction to D >
3 dimensions are actually a subset of a much larger,
infinite-dimensional Kac-Moody algebra, which could be
E,or E;; [4-10] for (an appropriate extension of) maximal
supergravity.
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A characteristic feature of the nonlinear realizations of
the conjectured hidden symmetry algebras is that they treat
the p-forms and their duals democratically: for each p-form
appearing in the spectrum, the dual D — p — 2 form also
appears. In order to exhibit the hidden symmetries of
gravitational theories, it appears therefore necessary to
reformulate the equations of motion for the p-forms present
in the model in a manner that involves both the p-forms and
their duals on an equal footing, but without doubling the
number of degrees of freedom. This is achieved by
rewriting the equations of motion as “twisted self-duality
conditions” [2,11,12]. These conditions are first-order with
respect to time (and space) and equate the electric field
(respectively the magnetic field) of the p-form to the
magnetic field (respectively, + the electric field) of its
dual. It is easily verified that these conditions are equivalent
to the Maxwell equations. Furthermore, they can readily
accommodate Chern-Simons couplings. This form of
the equations of motion for the 3- and 7-forms of 11-
dimensional supergravity is the starting point of the
authors of [13] in their recent construction of E/-invariant
equations of motion.

The twisted self-duality conditions derive from a varia-
tional principle where both the p-form potential and its dual
are treated as independent fields on an equal footing [14],

Published by the American Physical Society


http://dx.doi.org/10.1103/PhysRevD.94.105027
http://dx.doi.org/10.1103/PhysRevD.94.105027
http://dx.doi.org/10.1103/PhysRevD.94.105027
http://dx.doi.org/10.1103/PhysRevD.94.105027
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/

HENNEAUX, HORTNER, and LEONARD

which is however not manifestly spacetime covariant (for
comments on this fact, see [15]).

Now, the nonlinear realizations of all the conjectured
infinite-dimensional hidden symmetries of gravitational
theories involve also the dual to the graviton [9,10]. For
that reason, similar twisted-duality reformulations of grav-
ity are desirable. The task of rewriting the linearized
gravitational field equations as twisted self-duality con-
ditions putting the spin-2 field and its dual on a democratic
footing, in a manner derivable from a variational principle,
has been achieved in [16,17].

One of the original motivations underlying the Ejg
conjecture [10] was its potential connection with the zero
tension limit of string theory [18]. This zero tension limit
involves an infinite collection of massless higher spin
fields. With this in mind, we continue in this paper our
investigation of twisted self-duality for higher spin gauge
fields. We consider explicitly the case of four spacetime
dimensions but formulate our results in a manner applicable
to higher spacetime dimensions [19].

We establish in this paper a number of results concerning the
twisted self-duality formulation of higher spin gauge fields.

(i) We show that the equations of motion of the free

bosonic higher spin fields can indeed equivalently be
written as twisted self-duality conditions on the
curvatures of the spin-s field and its dual (Sec. II).
The crucial property that allows this reformulation is
the demonstration given in [20] that the equations of
motion of the higher spins are equivalent to the
vanishing of the Ricci tensor. This is not obvious
when s > 2 since the equations of motion are of
second order, while the curvatures contain deriva-
tives of the higher spin gauge field up to the order s.

(i) The twisted self-duality conditions are highly re-
dundant. In Sec. III, we decompose the higher spin
curvatures into electric and magnetic components,
and point out that the subset of the twisted self-
duality conditions that expresses that the electric
field (respectively the magnetic field) of the spin-s
field is equal to the magnetic field (respectively,
minus the electric field) of its dual, completely
captures the full content of the twisted self-duality
conditions. [The proof of this fact is postponed to
Sec. V.] Remarkably, this subset of the twisted self-
duality conditions contains only first-order time
derivatives of the fields—even though a generic
curvature component can contain up to s time
derivatives.

(iii) In their “electric-magnetic” form, the twisted self-
duality conditions involve the spatial components of
the spin s-field and its dual, as well as the compo-
nents with one index in the time direction, i.e., equal
to zero. These components are pure gauge and can
be eliminated by taking an appropriate curl. The
resulting equations are physically equivalent and
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shown to be derivable from a variational principle in
Sec. I'V. This variational principle naturally involves
prepotentials, which are introduced to take into
account the constraints on the electric and magnetic
fields. The prepotentials enjoy spin-s diffeomor-
phism invariance and also, somewhat unexpectedly,
spin-s Weyl invariance. The tools necessary to
introduce the prepotentials have been developed
in [21], upon which we heavily rely.

(iv) It turns out that the action principle so derived is
exactly the action principle that one would obtain by
starting from the Fronsdal action, going to the
Hamiltonian formalism and solving the constraints
through prepotentials. This is proved in Sec. V. As a
by-product of this result follows the completeness of
the twisted self-duality conditions on the electric and
magnetic fields.

(v) Although the analysis is explicitly carried out in four
spacetime dimensions, we expect that it should go
through along parallel lines in higher dimensions
where the higher spin field equations also admit a
twisted self-duality reformulation. Arguments sup-
porting this expectation, and how the analysis would
proceed, are outlined in Sec. VI. There is, however, a
feature peculiar to four dimensions (for the types of
Young tableaux under consideration), namely, that
the electric and magnetic fields are tensors of
identical type, and the equations of motion are
invariant under SO(2) electric-magnetic duality
rotations in the internal plane of the electric and
magnetic fields. The action expressed in terms of the
prepotentials makes it explicit that this symmetry is
an off-shell symmetry. This result generalizes to
higher spins the known results for spins s = 1 [22],
s =2 [23,24] and s =3 [21,25]. This is also
discussed in Sec. VL

We conclude in Section VII with some comments. Two
appendixes provide the technical steps necessary to derive
the expression of the spin-s field in terms of the prepotentials.

This paper was announced in [21], with the different title

“Emergent conformal geometry for higher spins.”

II. TWISTED SELF-DUALITY FOR HIGHER SPIN
GAUGE FIELDS

A. Standard form of the equations of motion
In four dimensions, a massless field of spin (helicity) s is
described by a completely symmetric tensor 4, ;, ..., of rank
s, subject to the gauge invariance

ONjzya, = SO, €yt (2.1)

where the gauge parameter ¢, ..., is completely symmetric
but otherwise arbitrary. The gauge invariant curvatures
involve s derivatives of the fields and read [26]
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R iagiy-agp (B = 2°00 Oy -+ - O i ag)a) - (2.2)

It has Young symmetry type

s boxes

One can express it in terms of the derivative operator d ;) of

[27,28], which fulfills d‘(":gl = 0 (see also [29,30]). One has

R = dfs)h and 6h = d (e (suppressing indices), so that

6R = dfj)le = 0. The curvature tensor fulfills also the

“Bianchi identities”

dyR=0. (2.3)

In order to get gauge invariant objects that involve no
more than second order derivatives, it is necessary to
restrict the gauge parameter ¢;,.., | to be traceless when
s > 2 [31]. The Fronsdal tensor [32],

Fiyea, = Ohyp, =500, 0 My
s(s—1)

™

8(/11812}113...13) (24)

which involves only second order derivatives of the gauge
field, is easily seen to be invariant when g;, ..., | is traceless.
In that approach where the gauge parameter is restricted by
trace conditions, the equations of motion are actually

F/ll-"% - 0 (25)
and are derived from the Fronsdal action [32]
h — [ @x|-Lan 2
S[ lllllz“‘ﬂs]_ x _5( P }llmﬂx)
+£(8”h )2 — Novn O s
2 PH1Hs—1 2 PO s
1/s - 3 /s _
+§ (2) (aﬂhﬂl“'ﬂs—z)z +Z (3) (aph/)ﬂl'“ﬂx—3)2:|
(2.6)

(where 1_1”]...”“72 = hy,,...._,) which is easily verified to be
gauge invariant up to a total derivative (with traceless gauge

parameter).

B. Equations in terms of the curvature

In a very beautiful piece of work [20], it has been shown
that the tracelessness condition on the gauge parameter is
not necessary and can be viewed as a partial gauge
condition. Equivalent ideas were formulated in [33], but
their realization involves nonlocal terms, and for that reason
we shall follow here [20].
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The equations of motion for a spin s gauge field can be
taken to be
R ntspse, = 0 (2.7)

where R is the “Ricci” tensor obtained by taking one trace
on the Riemann tensor,

Rlllziwv'lsﬂs = Zs_z{Da[ﬂs\ e 3Ut.y\hlvlz|/13]~%s]
= 03,00y - O hyuay )]
= 03,00y - O gy 23]

+03,00,00) - Oy} (28)
The equations (2.7) are differential equations of order s, but
contrary to (2.5), they are invariant under the full gauge
symmetry (2.1) without restriction on the trace of the gauge
parameter. It was shown in [20] that they imply, with an
appropriate choice of the trace of ¢, .., , the Fronsdal
equations (2.5)—which, conversely, are easily verified to
imply (2.7).

As also pointed out in [20], the equations (2.7) are very
convenient for discussing duality along the lines of [34].
Let )y ipy-a,, DE the tensor dual to Ry, 5., on the
first two indices (say),

"Ax/‘s

— %
Silﬂlﬁzﬂz'"ﬂsﬂs - Rﬂlﬂlizﬂz"'ﬂsﬂs

1
= 563111:11 R/’lf’l/lzﬂz“‘ﬂsﬂx (29)
The equations of motion (2.7) imply that S , 1424,
fulfills the cyclic identity, i.e., is a tensor of same Young
type as R, s,u,-4.u,- Furthermore, the cyclic identity for
R yiiippy-ayu, 1mplies that S, , 0.0, 1s traceless,
Siipisps-ig, = 0. There is thus complete symmetry
between the equations fulfilled by R and its dual S.

C. Twisted self-duality

It is this symmetry which is embodied in the twisted self-
duality formulation. When the equations of motion for the
spin-s field are fulfilled, the tensor S dual to the curvature
not only is of same Young symmetry type

s boxes

as R, but it fulfills also the Bianchi identities d(,)S = 0.
This implies the existence of a “dual” spin-s field f ...,
of which § is the curvature [27,28],

S = dfs) f.

This second spin-s field has its own gauge invariance since
it is determined up to the d(y) of some 7;,..;_,,
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8f 1yaga, = SO My a,) (2.10)
We can thus rewrite the equations of motion for the spin-

s theory in a duality-symmetric way where both the spin-s

field and its dual appear on an equal footing as follows,

F=8F, (2.11)

where,

R[h] *R[h] 0 -1
r=(n ) =) s=(1 ) @m
S/ “S[f] 1o
This form of the equations is completely equivalent to the
original form R = 0, since we have seen that the equation
R=0 implies (2.11). And conversely, if (2.11) holds, then
both 4 and f obey R[h] = 0, S[f] = 0, i.e., fulfill the spin-s
equations of motion. Furthermore, the two spin-s fields are
not independent since f is completely determined by & up
to a gauge transformation and therefore carries no inde-
pendent physical degrees of freedom.
Following [12], one refers to (2.11) as the twisted self-
dual formulation of the spin-s theory.

III. ELECTRIC AND MAGNETIC FIELDS
A. Definitions

The twisted self-duality conditions in their covariant
form (2.11) are highly redundant. We shall extract from
them an equivalent subset that has the interesting property
of containing only first order derivatives with respect
to time.

To that end, we first define the electric and magnetic
components of the Weyl tensor, which coincides on-shell
with the Riemann tensor. It would seem natural to define
the electric components as the components of the Weyl
tensor with the maximum number of indices equal to zero
(namely s), and the magnetic components as the compo-
nents with the maximum number minus one of indices
equal to zero (namely s — 1). By the tracelessness con-
ditions of the Weyl tensor, the electric components can be
related to the components with no zeroes when s is even,
like for gravity, or just one zero when s is odd, like for
Maxwell. It turns out to be more convenient for dynamical
purposes to define the electric and magnetic components
starting from the other end, i.e., in terms of components
with one or no zero. Now, it would be cumbersome in the
general analysis to have a definition of the electric and
magnetic components that would depend on the spin. For
that reason, we shall adopt a definition which is uniform for
all spins, but which coincides with the standard conven-
tions given above only for even spins. It makes the
Schwarzschild field “electric,” but the standard electric
field of electromagnetism is viewed as “magnetic.” Since
the electric (magnetic) components of the curvature of the
spin-s field are the magnetic (electric) components of the
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curvature of the dual spin-s field, this is just a matter of
convention, but this convention may be confusing when
confronted with the standard Maxwell terminology.

Before providing definitions, we recall that the curvature
R; j, i j of the three-dimensional “spin-s field” h; ..;
given by the spatial components of the spacetime spin-s
field hy, .., is completely equivalent to its Einstein tensor
defined as

ek R (3.1)

o 1 ..
Ghls = fell]lkl .. ik
This tensor is completely symmetric and identically
conserved,

9; Gl = 0. (3.2)
In the sequel, when we shall refer to the Einstein tensor
of the spin s field, we shall usually mean this three-
dimensional Einstein tensor (the four-dimensional Einstein
tensor vanishes on-shell).

We now define precisely the electric and magnetic fields
off-shell as follows: o

(i) The electric field £ of the spin-s field h;, .., is

equal to the Einstein tensor G''"'s of its spatial
components /; ...; ,

Ehis = Ghls, (3.3)

By construction, the electric field fully captures the

spatial curvature and involves only the spatial

components of the spin-s field. It is completely

symmetric and conserved,

giris — gliviy)

9, &l =0, (3.4)

(ii) The magnetic field B of the spin-s field h,, ., is
equivalent to the components with one zero of the
spacetime curvature tensor and is defined through

1 ..
_ Jjaka s jks
Bllls — 25—1 Roll

(3.5)

C€irjoky " " Cigjk,

It contains one time (and s — 1 space) derivatives of

the spatial components 4; ..; , and s derivatives of

the mixed components hy;,..; . The magnetic field

is symmetric in its last s — 1 indices. It is also

transverse on each index,
0; Bz =0,

9, B =0, (3.6)

and traceless on the first index and any other index,

5, B = 0.

i

(3.7)
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It is useful to make explicit the dependence of the
magnetic field—or equivalently, Ry; j,g,...j.x,—ON
hOiz---iJ' One finds

+ “more”

J— S_l
= 31‘, (d(s—l)N)jzkr-'jsks
(3.8)

Roiy jokye-ojik,

where “more” involves only spatial derivatives of
h,1 i, and where N;.; = stands for hg; ..; .,
Le, Nll iy = hoiyi -
Similar definitions apply to the dual spin-s field f;, ..., .
The electric and magnetic fields possess additional
properties on-shell. First, the electric_field is traceless as
a result of the equation R, , —380R;,..; =0,

'i.r

51‘”’251’[[2.4‘“ =0. (39)
Second, the magnetic field is symmetric as a result of the
equation Ry;,;...; =0,
Biis = Bl =, (3.10)
We also note that there are no other independent
components of the spacetime curvature tensor on-shell,
since components with more than one zero can be
expressed in terms of components with one or no zero
through the equations of motion.

B. Twisted self-duality in terms of electric and
magnetic fields

It is clear that the twisted self-duality conditions (2.11)
with all indices being taken to be spatial read

Eiriyis [h] Ririzis 7]

<(c/’i1i2~~~i5 ] > = <_Bi1iz~~-i.s h] >
It turns out that these equations are completely equivalent
to the full set of twisted self-duality conditions. This is not
surprising since the components of the curvature tensor
with two or more zeroes are not independent on-shell from
the components with one or no zero. The fact that (3.11)
completely captures all the equations of motion will be an

automatic consequence of our subsequent analysis and so
we postpone its proof to later (Sec. V below).

(3.11)

C. Getting rid of the Lagrange multipliers

While a generic component of the curvature may contain
up to s time derivatives, the twisted self-duality conditions
(3.11) contain only the first-order time derivatives h; ...;
and f; .. One can give the fields A; ..; and Siji, as
Cauchy data on the spacelike hypersurface x = 0. The
subsequent values of these fields are determined by the
twisted self-duality conditions up to gauge ambiguities.
The Cauchy data h;.; and f;.; cannot be taken
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arbitrarily but must be such that their respective electric
fields are both traceless since this follows from & = +B
and the fact that the magnetic field is traceless. The
constraints are equivalent to the condition that the traces
of the Einstein tensors of both & and f should be zero,
G i2[h] = 0, G2 [f] = 0. (3.12)
The twisted self-duality conditions involve also the
mixed components h,..; and fo;,..;. These are pure
gauge variables, which act as Lagrange multipliers for
constraints in the Hamiltonian formalism. It is useful for the
subsequent discussion to get rid of them. Since they occur
only in the magnetic fields, and through a gradient, this can
be achieved by simply taking a curl on the first index.
Explicitly, from the twisted self-duality conditions (3.11)
rewritten as

gail"'i.\ — €ab6hi|"'i,y (313)

(Eaivis = givri[pe], Beivi = Bri[pe], a=1, 2,

(h?) = (h, f), €ap = —€pa» €1 = 1), follows obviously
the equation

€j1i, OKEX s = €4y, OFBPITs (3.14)

which does not involve the mixed components hy;,...; or
foi,.i, any more.

The equations (3.14) are physically completely equiv-

alent to (3.13). Indeed, it follows from (3.14) that

gaivis — gay Bhir-is (3.15)

where B”1% differs from the true magnetic field B21is by

an arbitrary gradient in iy, or, in terms of the corresponding
curvature components

-, -
Oiyjaka-jsks — Rgiljzkrujjks + ailﬂj'lzkz-..j:ks (3-16)
for some arbitrary HS ke k with Young symmetry type

s — 1 boxes

Now, the cyclic identity fulfilled by the curvature implies
Iy, K, Kok, = 0, i.e., in index-free notation, d(,_)u* = 0,
and this yields pu“ = dfs‘_lwz/l for some symmetric 1/]“.2_,, i,
[27,28]. Comparing with (3.8), we see that this is just the
ambiguity in R{; inkjik, due to the presence of /g .
Therefore, one can absorb u4 k., I @ redefinition of the
pure gauge variables hg; and get thereby Egs. (3.13).
It is in the form (3. 14) that we shall derive the twisted

self-duality conditions from a variational principle.
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IV. VARIATIONAL PRINCIPLE
A. Prepotentials

The searched-for variational principle involves as basic
dynamical variables not the fields h;‘]l which are con-
strained, but rather “prepotentials” that solve the constraints
(3.12) and can be varied freely in the action. The general
solution of the constraint equation G*1s2 =0 was
worked out in [21] and implies the existence of prepoten-
tials Z{ . ; from which h{ ; derives, such that the Einstein
tensor G‘”1 i of hi. 1s equal to the Cotton tensor
D4ivis of zZi

The Cotton tensor D415 involves 2s — 1 derivatives of
the prepotentials and possesses the property of being
invariant under spin-s diffeomorphisms and Weyl sym-
metries,

iS

s(s—1)
2

5( . o¢

i @igei)”

8Z% . = s0upt .+ (4.1)

Lyl 11 12 -q
It is symmetric, transverse and traceless. It was introduced
for general spins in [35,36] and [21] (where it was denoted

B), and used extensively in three-dimensional higher spin
models in [37-43].

Explicitly, the Cotton tensor of Z{ _; is given by
Do [Z] = etk ghajaky ... gls—rjs-1ksy
x@llaj . ajxlsqu IIX[Z]

where §%1s[Z] is the Schouten tensor of Zi ;. related to

the Einstein tensor of Z; .. through
S“il'-'i: [Z] — G“il“'is [Z]
+ Zl c”5(1112 oo St G[n]ZnH s [Z}
with
(=) s (s—n—1)!
= I , Z 1
o 4" pn! (s —2n)! (n21)

(see [21]).

Because of the gauge symmetries, the solution of
the equation G*'"[h] = D*"*%[Z] for h{_, involves
ambiguities. To any given solution h“[ ] one can add an
arbitrary variation of A{ _; under spin-s diffeomorphisms.
Furthermore Z?r-ix and Z“ —|— 5Zl“1_,.l.x [with (SZ?1 i
given by (4.1)] yield h¢[Z ]s that differ by a spin-s
diffeomorphism.

The expression for the spin-s field 4, ..; in terms of the
prepotential Z; ..; contains s — 1 derivatives in order to
match the number of derivatives (s) of the Einstein tensor
G/[h] with the number of derivatives (2s — 1) of the Cotton
tensor D[Z]. This number is odd (even) when s is even
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(odd) and therefore, in order to match the indices of A; ...;
with those of 9, - -- 9, Z,..;, one needs one "/ when s
is even and no e”k when it is odd, together with products
of §;;

1. Even spins

We first turn to the even s case. We recall that in the spin-

2 case, a particular solution is given by [23]
hij == €(i‘klakzl‘j) (42)

where the indices between the symbol || are omitted in the
symmetrization—which is as usual carried with weight one
such that it is a projector. The gauge freedom of the
prepotential is given by
which generates the particular diffeomorphism 6h;;
di0;) of the field, where 6; = €;,0%p" (it is a dlffeo—
morphism whose parameter is divergenceless). The gen-
eralization of this formula to general even spin s = 2n is
given in Appendix A.

We give here for definiteness the expression of the spin 4
field h;j; in terms of its prepotential ¢;j;;. One has

1 _
hijki = €(ijmnO {—AZ k) + 5 O AZ)

—%5|jk8”8‘12”,)pq]. (4.4)
The gauge freedom of the prepotential is given by:
0Ziji = 40(ipjrry + 60(ij0k)> (4.5)
which implies:
Ohiju = 0(i0jkr)s (4.6)
where
Ok = e(i|mnamﬂn|jk)’ (4.7)
Hijie = —3Ap;j + %5(17 [Apyy = 0P pyy py
—40P6y,]. (4.8)

In fact, as discussed in Appendix A, the expression (4.4) is,
up to a multiplicative factor, the only one (with the
requested number of derivatives) that implies that a gauge
variation of Z gives a gauge variation of .
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2. 0dd spins

In the odd spin case, the number of derivatives on the
prepotential is even, so that the expression relating / to Z
does not involve the Levi-Civita tensor. The expression for
the spin-3 field in terms of its prepotential is explicitly
given in [21]

3 _
hijk — —AZijk + Zé(leZk)
3 _
- —5<,-j8’8SZk)m + 5<,-j6k>8’Zr (49)
The last term in (4.9) is actually not necessary but included
so that 6h;j; = 0 under Weyl transformations of Z. One
easily verifies that a gauge transformation of the prepo-
tential induces a gauge transformation of the spin-3 field.
The expression of £, ..; in terms of Z; .; is given in

Appendix B for general odd spin.

B. Twisted self-duality and prepotentials

In terms of the prepotentials, the electric fields are
given by

gahls = pahis[Z] (4.10)
while the magnetic fields have the property
e kB — =i 7), (411)

It follows that the twisted self-duality conditions take the
form

€' jx 0/ D1 (7] = €9, DV [ 7] (4.12)

in terms of the prepotentials: the curl of the Cotton tensor of
one prepotential is equal to (£) the time derivative of
the other.

C. Action

In their form (4.12), the twisted self-duality conditions
are easily checked to derive from the following variational
principle,

1
S[Z] —/dxo [/ d3x28 pD ’\Zf’l i,

where the Hamitonian H reads

H] (4.13)

/ d3x8,, <Z a G i GIRb, Zk) (4.14)

where GlK@ir i stands for the kth trace of the Einstein
tensor G*1"+[Z] of the prepotential Z¢ , . A lengthy but
conceptually direct computation shows that the coefficients
ay are explicitly given by
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n! Cn—k-1)!2n-1" 1
(n—k)'k! 28(2n — 1)1(2n — 2k — 1)112

ay = (—)k

for even spin s = 2n, and

n! (2n—k)!2n+ 1N 1

a = (=)* (n—k)k! 2K(2n)1(2n — 2k + 1)112

for odd spin s = 2n + 1, where the definition of the double
factorial is recalled in the Appendix. These coefficients are
in fact uniquely determined up to an overall factor by the
property that the action is invariant, up to a surface term,
under the gauge symmetries (4.1) of the prepotentials.
Invariance under spin-s diffeomorphisms is manifest, while
invariance under spin-s Weyl symmetry forces a; to be
given by the above expression (up to an overall factor).

V. HAMILTONIAN FORMALISM

A. Constraints and Hamiltonian

It turns out that the action (4.13) is exactly the action that
one obtains by rewriting the Fronsdal action in Hamiltonian
form and solving the constraints.

The procedure to establish this fact proceeds as follows.

(i) First one writes the Fronsdal action in Hamiltonian

form [44,45]. The Hamiltonian canonical variables
are the spatial components #; ..; of the spin-s field,
their conjugate momenta '1"%, the variables a; ..; |
equal to hggg;,...;_, — 36 he;,..; . and their conju-
gate momenta I1" "=, The canonical action takes
the form

S[hilnis’ﬂ” Iy azl i 3’1‘[1 s 3’./\/’11 ls—Z’Nll 15_1]

_/dxo[/d*x( iy,

-H- / Sx(Niri=Cy

Qi3 )
H all I3

where C; ..; , and C; ..;  are the constraint-gener-
ators related to temporal (ey;,..;_,) and spacelike
(€j,..i,_,) spin-s diffeomorphisms, respectively, and

Qi — hOOil---i.\,z and N,']...ik] = hOil---i,\.,l are the
corresponding Lagrange multipliers. The explicit
form of the constraints is rather cumbersome and
has been given in [45]. The function H is the
Hamiltonian. It is the integral over space of a density
‘H which is quadratic in the conjugate momenta and
in the first spatial derivatives of h; .;,a; ..
H= f d*>xH. We shall not need here the explicit
expression of H in terms of 8khl-lu.,-x,7ti1“"'f,
8,{(1,-1...[‘_3,1:["“"’?-3, which is also cumbersome. By
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analogy with the spin-2 case, we shall call the
constraint

Cii, =0 (5.2)

iyeign
the “Hamiltonian constraint” and the constraint

Cii =0 (5.3)

IR
the “momentum constraint.”

(i) The second step is to solve the constraints in terms of
prepotentials Zj‘]l s =1, 2. One needs two pre-
potentials, one for solving the Hamiltonian con-
straint, the other one for solving the momentum
constraint. The procedure uses the conformal tools
developed in [21] and follows exactly the same
pattern as for spins 2 and 3. It is displayed in the next
two sections.

(iii) One then inserts the expression for the canonical
variables in terms of the prepotentials inside the
action and obtains (4.13).

B. Solving the momentum constraint

We first solve the momentum constraint. This constraint
reads [45]

Cirit = Qpakivic1 4 “more” =0 (5.4)
where “more” stands for terms that are linear in the second
order derivatives of a; ..; , which one can set to zero by a
suitable gauge transformation. In the gauges where “more”
vanishes, the constraint reduces to

Okt = 0, (5.5)
the general solution of which is given by z'1 /s = G5 [P]
[27,28]. Here G'’s[P] is the Einstein tensor of some
prepotential P; .; which is totally symmetric.

For fixed momentum z''"'s, the prepotential P; .; is
determined up to a spin-s diffeomorphism. However, there
is a residual gauge freedom in the above gauges, so that
7' is not completely fixed. It is straightforward but
somewhat tedious to check that the residual gauge sym-
metry is accounted for by a spin-s Weyl transformation of
the prepotential P; ..; , which therefore enjoys all the gauge
symmetries of a conformal spin-s field.

These results extend what was found earlier for spins 2
[23] and 3 [21]. It is instructive to exhibit explicitly the
formulas in the case of spin 4, which illustrates all the
points and still yields readable expressions.

The momentum constraint reads in this case

0 = 48n”k]mn + 65(k1Aam)

- 105(k,8,n)8”an (56)
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and the gauge freedom is

Ofimn = _lza(kalamn)
+ 126(1{1(A5mn) + amapEn)p)

486 (2AZ + 30P9Z,,),  (5.7)

5ak = —68151(1 - 28/(5 (58)

The residual gauge transformations in the gauge
3Aa; — 50,0'a; = 0, which eliminates the a-terms from
the constraint, must fulfill

0= —180'AZ, + 40, AZ + 300,0'0"Z,,,.

The divergence of this equation gives (after acting with
A1), 39%0'Z;, + A= = 0. Substituting this finding in the
previous equation yields, after acting again with A~!,
30" (Ey +36y=) = 0. This is the divergence of a sym-
metric tensor, so the solution is the double divergence of a
tensor with the symmetry of the Riemann tensor:

= 1 = m n
=kl -+ gékl:. = (9 (9 ®mknl' (59)
Therefore, one has
= m n 1 i np
Zgl = (9 8 ®mknl - gékla 8n®mp . (510)

This class of gauge transformations can be checked to give
a zero variation not only to the contribution of a; to the
constraint but in fact also to «; itself.

We can c-lualize Okimn = €xip€mng?’?, With a symmetric
0,,, to obtain:

5 _
Ekl = 85k1<A6 - amanemn)

+ 20,00, — 0,00 — Ay (5.11)
The gauge transformation of my,,, with this parameter is
found then to be exactly the Einstein tensor of a Weyl
diffeomorphism
Otkimn = lemn[lzé(pqers)]' (512)
Once the spin-4 momentum constraint has been brought
in the standard form 0*my,,,, = 0 by partial gauge fixing, it
can be solved by the familiar techniques recalled at the
beginning of this section for general s. As it is known
[27,28], the general solution of the equation Oz, = 0 is
indeed the Einstein tensor of a symmetric tensor Pyjmp,
which is the prepotential for the momenta:

Tkimn = lemn {P]
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f[i - 6A(Z)l + 108i8k6)k
1

O (OFAZT + PO Z ).

i (5.24)

One could in fact add a solution k; of the equation
d(ixj) = 0 (Killing equation) to II; but we do not consider
this possibility here by assuming for instance appropriate
boundary conditions (vanishing of all fields at infinity elim-
inates x; ~C; + ﬂi]-xj , where C; and y;; = —pu; are constants).

D. Hamiltonian action in terms of prepotentials

The elimination of the canonical variables in terms of the
prepotentials in the action is a rather burdensome task.
However, the derivation can be considerably short-cut by
invariance arguments.

The kinetic term in the action is quadratic in the
prepotentials Z and P and involves 2s — 1 spatial deriva-
tives, and one time derivative. Furthermore, it must be
invariant under spin-s diffeomorphisms and spin-s Weyl
transformations of both prepotentials. This implies, making
integrations by parts if necessary, that the kinetic term has
necessarily the form of the kinetic term of the action (4.13)
upon identification of the prepotential Z with the prepo-
tential Z' and the prepotential P with the prepotential Z2.

Similarly, the Hamiltonian is the integral of a quadratic
expression in the prepotentials Z and P involving 2s spatial
derivatives. By spin-s diffeomorphism invariance, it can be
written as the integral of a quadratic expression in their
Einstein tensors and their successive traces—or equiva-
lently, the Schouten tensors and their successive traces. As
we have seen, Weyl invariance fixes then the coefficients up
to an overall rescaling, so that the Hamiltonian takes
necessarily the form (4.14), but with §,, that might be
replaced by a diagonal y,;, with eigenvalues different from
1. However, given that the equations of motion following
from the action (4.13) are, as we have seen, consequences
of the Fronsdal equations, they cannot be in contradiction
with the equations of motion following from the
Hamiltonian action (equivalent to the Fronsdal equations)
and this is possible only if p,, = 4.

One thus concludes that the action (4.13) for twisted self-
duality is indeed the Hamiltonian form of the Fronsdal
action with the constraints solved for in terms of prepo-
tentials. This shows in particular that the electric field-
magnetic field version of twisted self-duality obtained by
considering only the spatial components of (2.11) form
indeed a complete set, as announced. The analysis also
shows that duality-conjugate and canonically conjugate are
equivalent (up to field-independent factors).

VI. ADDITIONAL CONSIDERATIONS

A. Higher dimensions and twisted self-duality

In higher spacetime dimension D, the equations of
motion can also be reformulated as twisted self-duality

PHYSICAL REVIEW D 94, 105027 (2016)

conditions on the curvatures of the spin-s field and its dual.
What is new is that the dual of a spin-s field is not given by
a symmetric tensor, but by a tensor of mixed Young
symmetry type

D — 3 boxes ) [ |

Consequently, the curvature tensor and its dual are also
tensors of different types. Nevertheless, the electric (respec-
tively, magnetic) field of the spin-s field is a spatial tensor
of the same type as the magnetic (respectively, electric)
field of its dual and the twisted self-duality conditions again
equate them [up to + similarly to Eq. (3.11)]. The electric
and magnetic fields are subject to tracelessness constraints
that can be solved in terms of appropriate prepotentials,
which are the variables for the variational principle from
which the twisted self-duality conditions derive. Again, this
variational principle is equivalent to the Hamiltonian
variational principle.

We have not worked out the specific derivation for all
spins in higher dimensions D, but the results of [17] for the
spin-2 case, together with our above analysis, make us
confident that this derivation indeed goes through as
described here.

B. Manifest SO(2) electric-magnetic duality invariance
in D=4

In D = 4 spacetime dimensions, the spin-s field and its
dual are tensors of the same type, as we have seen. The
equations enjoy then SO(2) electric-magnetic duality
invariance that rotates the field and its dual in the internal
two-dimensional space that they span. This comes over and
above the twisted self-duality reformulation.

The SO(2) electric-magnetic duality invariance amounts
to perform rotations in the internal space of the prepoten-
tials. It is clear that it is also a symmetry of the action
(4.13). Thus, the prepotential reformulation makes it
obvious that SO(2) electric-magnetic duality invariance
is a manifest off-shell symmetry, and not just a symmetry of
the equations of motion.

VII. COMMENTS AND CONCLUSIONS

In this paper, we have achieved two things. (i) First, we
have rewritten the equations of motion for higher spin
gauge fields as twisted self-duality conditions, in which the
spin-s field and its dual are put on exactly the same footing.
(i) Second, by introducing prepotentials for the spin-s field
and its dual, we have shown how these equations derive
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from a variational principle, providing thereby a duality
symmetric formulation of the theory.

One observes again, for all spins, the intriguing emer-
gence of higher spin Weyl gauge symmetries [46—50] for
the prepotentials, in addition to spin-s diffeomorphisms.
This generalizes what was found in the spin-2 case in [23].

One should also stress the remarkable simplicity of the
final action. Furthermore, this final action takes the same
form for all spins. This uniformity suggests that the
prepotential formalism might perhaps be a good starting
point for exploring the symmetries mixing all spins—in
particular the sp(8)-symmetry in four spacetime dimen-
sions [51,52].

We have restricted the analysis to massless fields in flat
spacetime. Extension to constant curvature backgrounds
[24] and to partially massless fields would be of definite
interest [53-55].

ACKNOWLEDGMENTS

We thank Andrea Campoleoni for useful discussions.
A. L. is Research Fellow at the Belgian F. R. S.-FNRS. The
work of S. H. has been supported by the Fondecyt Grant
No. 3160781. This work was partially supported by the
ERC Advanced Grants “SyDuGraM” and “High-Spin-
Grav”, by F.R.S.-FNRS through the conventions PDR-
T.1025.14 and 1ISN-4.4503.15, and by the “Communauté
Frangaise de Belgique” through the ARC program. The
Centro de Estudios Cientificos (CECs) is funded by the
Chilean Government through the Centers of Excellence
Base Financing Program of Conicyt.

APPENDIX A: PREPOTENTIALS FOR
EVEN SPINS

We give in this appendix the form of the spin-s field ;..
in terms of the corresponding prepotential Z; ..; when s is
even. The case of an odd s is treated in Appendix B.

Because of the gauge symmetries, the expression h[Z] is
not unique. To any solution, one may add a gauge trans-
formation term. Our particular solution corresponds to a
definite choice.

Our strategy is as follows: (i) First, one writes the most
general form for £ in terms of Z compatible with the index
structure and the fact that it contains s — 1 derivatives.
(i1) Second, one fixes the coefficients of the various terms
such that a gauge transformation of Z induces a gauge
transformation of A. This turns out to completely fix A[Z]
up to an overall multiplicative constant. (iii) Third, one
fixes that multiplicative constant through the condition
G[h[Z]] = D[Z], which we impose and verify in a conven-
ient gauge for Z.

1. First step

A generic term in the expression for 4; ..; in terms of

Z; involves one Levi-Civita tensor when s is even, as

iyl
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well as s — 1 derivatives of Z. It can also contain a product

of p o, ’s with free indices among i, i,, ..., i;. Hence a
. k
generic term takes the form
5i1i2 e 5i2p—li2p€klk2k3aml e amx—lzjl'"jx (Al)

for some p such that 0 < p <mn—1 where s =2n (p
cannot be equal to n since the Levi-Civita symbol must
necessarily carry a free index, see below, so that there must
be at least one free index left). Among the indices
ki, ky,ks,my,...,ms_1, j1, ja,---, s, there are s —2p indi-
ces equal to the remaining i,’s, and the other indices are
contracted with §%°’s. There is also an implicit symmetri-
zation over the free indices i,, taken as before to be of
weight one.

The structure of the indices of the Levi-Civita symbol is
very clear: because of the symmetries, one index is a free
index i, one index is contracted with a derivative operator,
and one index is contracted with an index of Z.
Furthermore, if an index m, on the derivatives is equal
to one of the free indices i, then, the term can be removed
by a gauge transformation. This means that apart from one
index contracted with an index of the Levi-Civita tensor,
the remaining indices on the derivative operators are
necessarily contracted either among themselves to produce
Laplacians or with indices of Z. In other words, the
remaining free indices, in number s —2p — 1 are carried
by Z. One index on Z is contracted with one index of the
Levi-Civita tensor as we have seen, and the other indices on
Z, in number 2 p, are contracted either among themselves to
produce traces or with the indices carried by the derivative
operators. Thus, if we know the number of traces that occur
in Z, say g, the structure of the term (Al) is completely
determined,

S:: -0, . € kIt . .. §irp-2g AV-1-PF4

L5 lap-1l2p “lyp 1k

Zld (A2)

DprolsljiJ2p-2q”

or, in symbolic form,

8 (e-0-)(- 0-)P-aAn-1-rtazldl, (A3)
One has 0 < g < p and complete symmetrization on the
free indices i, is understood.

Accordingly, the expression for £, ..; in terms of Z;
reads

O l&

—_

n—

)(8 - 9-)P~aAr-1=prazlal,

P
Z a, 40" (€

q=0

(A4)

Il
o

p

where the coefficients a,, , are determined next.
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2. Second step

By requesting that a gauge transformation of Z;; .;
induces a gauge transformation of A; the coefficients
a,, are found to be given by

10 lg?

q

ap,q = 2_]7(_)(1
" (n=1)!'2n—-p-1)!2n-1)" ;
gQp-q)!n=p-1)'2n-1)!2n-2p - 1)

(AS)

where the multiplicative constant « is undetermined at this
stage. The double factorial of an odd number 2k + 1 is
equal to the product of all the odd numbers up to 2k + 1,

2k+ 1)1 =1-3-5---(2k=1)(2k + 1)

The computation is fastidious but conceptually straightfor-
ward and left to the reader.

3. Third step

Finally, we fix the remaining coefficient a by imposing
that G[h[Z]] = D[Z]. This is most conveniently done in the

gauge

"Z;.i, =0, A (A6)
(transverse, traceless gauge). This gauge is permissible
given that the gauge transformations of the prepotential
involves both spin-s diffeomorphisms and spin-s Weyl
transformations. In that gauge, the Cotton tensor reduces to

D[Z]

= —e(;, p A1 ZF (A7)

iyl iy Ilzls)

or in symbolic form,

D[Z] = —(e- 0-)A*1Z, (A8)

while h; .; is also divergenceless and traceless (which
shows, incidentally, that on the G[h] = 0 shell, one may
impose both conditions also on 4) and its Einstein tensor,
expressed in terms of Z, becomes

= (_)nAnh[Z]i,---is
(_)nae(il UkajAbz—lzk

lizi)
1.e.,
G[h|Z]] = (=)"ae-0- A*"71Z. (A9)
This shows that
a=~(-y

and completes the determination of 4 in terms of its
prepotential Z.

(A10)
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APPENDIX B: PREPOTENTIALS FOR
ODD SPINS

The procedure for odd spins follows the same steps, but
now there is no Levi-Civita tensor involved in the expres-
sion h[Z] since there is an even number of derivatives.

1. First step

A generic term in the expression for 4;..; in terms of
Z;,..;, involves s — 1 derivatives of Z. It can also contain a
. . A .
product of p (?,»/_,»k s with free indices among iy, iy, ..., i.
Hence a generic term takes the form

5 Oy, -+ 0 (B1)

iy " 5i2p—li2p ms—IZjl"'js
for some p such that 0 < p < n where s = 2n + 1. Among
the indices my,...,m,_y, ji,j2,.--, jg, there are s—2p
indices equal to the remaining i,’s, and the other indices
are contracted with §%°’s. There is also an implicit sym-
metrization over the free indices i,.

Again, if an index m,, on the derivatives is equal to one of
the free indices i,, then, the term can be removed by a
gauge transformation. This means that the indices on the
derivative operators are necessarily contracted -either
among themselves to produce Laplacians or with indices
of Z. In other words, the remaining free indices, in number
s — 2p are carried by Z. The other indices on Z, in number
2p, are contracted either among themselves to produce
traces or with the indices carried by the derivative oper-
ators. Thus, if we know the number of traces that occur in
Z, say q, the structure of the term (B1) is completely
determined, as in the even spin case

S Ot o Qlp-2g AP H

ili2 T in—liZP
[a]
Zi2p+l“'ile“'j2p—24] ’ (BZ)

or, in a more compact way:

8P (0 - 9-)paAr-Pazld, (B3)
One has 0 < g < p and complete symmetrization on the
free indices i, is understood.

Accordingly, the expression for 4; ..; in terms of Z; ..;
reads

n P
h = Z Z a, 467 (D )paArrrazid, (B4)

p=0¢=0

where the coefficients a are determined in the sec-

ond step.

p-q

2. Second step

By requesting that a gauge transformation of Z; ;..
induces a gauge transformation of A; ..; , the coefficients
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a,, are found to be given up to an overall multiplicative
constant a by
n!(2n—p)!(2n+ 1)
a
qQ'(p—q)(n—=p)'(2n)!(2n-2p + 1)
(BS)

ap‘q = (—)‘12_17

The computation is again somewhat fastidious but con-
ceptually straightforward and left to the reader.

3. Third step

Finally, we fix the remaining coefficient a by imposing
that G[h[Z]] = D[Z]. This is most conveniently done in the
transverse, traceless gauge for Z

8i1 Z iy

=0, Zi.. =0 (B6)

iyi3eis

PHYSICAL REVIEW D 94, 105027 (2016)

which is again permissible. In that gauge, the Cotton tensor
reduces to

D[Z] = (e-0-)A*Z (B7)
while the Einstein tensor of h[Z] becomes
G[h|Z]] = (=)"ae- 0 - A*"Z. (B8)
This leads to
a=(-)" (B9)

and completes the determination of % in terms of its
prepotential Z.
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