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Introduction 
 
Fabrication technologies for microcomponents, microsensors, micromachines and micro-
electromechanical systems (MEMS) are being rapidly developed, and represent a major 
research effort worldwide. There are many techniques currently being utilised in production of 
different types of MEMS, including inertial microsensors, which have made it possible to 
fabricate MEMS in high volumes at low individual cost. Micromechanical vibratory gyroscopes 
or angular rate sensors have a large potential for different types of applications as primary 
information sensors for guidance, control and navigation systems. They represent an important 
inertial technology because other gyroscopes such as solid-state gyroscopes, laser ring 
gyroscopes, and fibre optic gyroscopes, do not allow for significant miniaturisation. MEMS 
sensors are commonly accepted as low performance and low cost sensors. Nevertheless, 
recent applications have resulted in the need for sensors with improved performances. High 
performances could be achieved by means of improved sensitive element and circuit design. 
 
One of the ways to improve performances of micromechanical vibratory gyroscopes is to 
analyze their dynamics and errors in order to find efficient design methodologies. Some 
mathematical models of symmetrical (without decoupling frames) sensitive elements with 
translation movement of a proof mass, applicable to analysis of micromechanical gyroscopes 
as well as control principles were considered in [1, 2]. Dynamics and errors of micromechanical 
gyroscopes with decoupling frame were studied in [3 - 5]. Generalised analytical approaches to 
design were presented in [6], which allow avoiding numerous simulations and experimental 
researches to try to find appropriate designs for sensitive elements.  
 
Here we are going to study a general approach to the analysis of the dynamics and errors of 
different types of micromechanical vibratory gyroscopes as well as calculation of their 
performances for application in the design of such gyroscopes. 
 
 
Operation principle and classification 
 
In most micromechanical vibratory gyroscopes, the sensitive element can be represented as an 
inertia element and elastic suspension with two prevalent degrees of freedom (see figure 1). 
 
Massive inertia element is often called proof mass. The sensitive element is driven to oscillate 
at one of its modes with prescribed amplitude. This mode usually is called primary mode. 
When the sensitive element rotates about a particular fixed-body axis, which is called sensitive 
axis, the resulting Coriolis force causes the proof mass to move in a different mode. Contrary 
to the classical angular rate sensors based on the electromechanical gyroscopes, information 
about external angular rate is contained in these different oscillations rather than non-
harmonic linear or angular displacements. Hereafter, excited oscillations are referred to as 
primary oscillations and oscillations caused by angular rate are referred to as secondary 
oscillations or secondary mode. 
 
In general, it is possible to design gyroscopes with different types of primary and secondary 
oscillations. For example, a combination of translation as primary oscillations and rotation as 
secondary oscillations was implemented in a so-called tuning-fork gyroscope. It is worth 
mentioning that the nature of the primary motion does not necessarily have to be oscillatory 
but could be rotary as well. Such gyroscopes are called rotary vibratory gyroscopes. However, 
it is typically more convenient for the vibratory gyroscopes to be implemented with the same 
type and nature of primary and secondary oscillations. 
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Figure 1. Operation principle 
 
 
With respect to the number of inertia elements used, the nature of primary and secondary 
motions of the sensitive element, classification of the vibratory gyroscopes can be represented 
as shown in the figure 2. Designs that were used to produce micromechanical gyroscopes are 
shown in white colour. 
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Figure 2. Classification of the vibratory gyroscopes 
 
 
Top-level separation is done based on the nature of the primary motion. It can be either 
oscillatory or rotary. Classical dynamically tuned gyroscope (DTG) is an example of the rotary 
vibratory gyroscope. 
 
Next step involves consideration of the general design of the sensitive element and its 
mathematical representation. In particular, design of the vibratory sensitive element can be 
based on continuous vibrating media or discrete (single or multiple) vibrating masses. 
Corresponding mathematical models are based either on partial differential equations, namely 
modified wave equation, or systems of ordinary differential equations.  
 
One of the most well known examples of the oscillatory gyroscope with continuous vibrating 
media is a hemispherical resonating gyroscope (HRG). HRG sensitive element design usually is 
based on the resonating shell that has a hemispheric or so-called “wine-glass” shape. Primary 
oscillations are provided by standing wave excited in the rim of the shell. In case of no 
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external angular rate, nodes of the wave do not move. If the sensitive element rotates around 
sensitive axis, which is orthogonal to the plane of the wave, the secondary oscillations can be 
detected at the nodes. Despite HRG itself has never been referred to as a micromechanical 
gyroscope, its operation principle has been widely used in the number of micromechanical 
designs. In particular, the hemispherical shape of the shell has been replaced with a thin 
cylinder or a ring. 
 
Because of quite strict limitations to the complexity of mechanical structures that can be 
produced using micromachining processes, majority of the modern designs of micromechanical 
gyroscopes make use of a simple structure that consists of a single or multiple massive 
elements connected to the base by means of elastic suspension. The main purpose of the 
elastic suspension is to provide proof masses with at least two orthogonal degrees of freedom 
allowing primary and secondary oscillations. Another task, which is usually assigned to the 
design of elastic suspension, is to provide sufficient mechanical decoupling between primary 
and secondary oscillations, thus reducing so-called quadrature errors. 
 
There are few examples of such single discrete mass gyroscope designs. The first is a simple 
beam or mushroom like structure attached to the base that can deflect in two orthogonal 
directions. Despite the beam itself has all features of a continuous media vibratory sensor, its 
dynamics and operation as an angular rate sensor is sufficiently well described in terms of 
ordinary differential equations. Therefore this design has been placed in the discrete brunch of 
the classification rather than distributed.  
 
Another example and one of the most widespread designs is a simple single mass with two-
degrees of freedom either with additional decoupling frame or without it, which uses 
translational primary and secondary oscillations for sensing. In this case elastic suspension 
consists of set of simple flexible beam-like springs. If translational springs are replaced with 
rotational ones providing the sensitive element with two rotational degrees of freedom, such a 
design usually is referred to as a gimballed micromechanical gyroscope. Finally, the wheeled 
micromechanical gyroscope consists of an oscillating disc that has three rotational degrees of 
freedom (one for primary mode and two for secondary modes) and as a result can sense two 
component of the external angular rate. 
 
The difference between most of all modern single-mass micromechanical gyroscopes lays 
mainly in designs of the mass itself and the elastic suspensions rather than operation principle 
and its mathematical model. Needless to say that such difference is driven almost solely by 
specific features of chosen micro-fabrication process. Therefore, mathematical models and 
design methodologies that are presented here can be directly applied to the analysis of all 
single mass micromechanical vibratory gyroscopes. In case of continuous media sensors the 
results still can be applied to some certain extent provided lumped mass mathematical 
representation is used. 
 
 
Motion equations 
 
Initial and the most important step in mathematical model development is deriving of the 
motion equations. In our case these will be motion equations of the sensitive element of the 
single mass vibratory gyroscope. One of the most easily formalised approaches is the Lagrange 
equation: 

i
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dt
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∂
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∂
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  &
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Here PK EEL −=  is the Lagrange’s function, KE  and PE  are kinetic and potential energies of 

the sensitive element respectively, iQ  are generalised forces acting on the sensitive element, 

and i  ranges from 1 to the number of degrees of freedom under consideration. So to make 
use of the Lagrange equation we need expressions for the kinetic and potential energies of the 
sensitive element. 
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First let us have a look at kinematical representation of the sensitive element, which is shown 
in the figure 3. It consists of a proof mass ( 2m ), a decoupling frame ( 1m ), and two sets of 
generalised springs connecting masses to each other and to the base. Let us introduce the 
right-handed orthogonal and normalized reference frame 321 XXOX  in which primary 

oscillations are excited along the first axis 1X , secondary oscillations occur along the second 

axis 2X  and, therefore, the third axis 3X  is the sensitive axis. As a generalized coordinate 1x  

(primary oscillations) let us assume displacements of the sensitive element along the axis 1X . 
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Figure 3. Sensitive element of a micromechanical vibratory gyroscope 
 
 
Similarly generalized coordinate 2x  corresponds to the displacements of the sensitive element 

along the axis 2X . Here and after subscribe index number refers to the number of the 
corresponding axis. Base, in which sensitive element is installed, is assumed to rotate with the 

arbitrary angular rate Ω
r

 that is defined by its projections on the introduced above reference 

frame as { }321 ,, ΩΩΩ=Ω
r

. 

 
First we shall consider sensitive element with translational both primary and secondary motion. 
The total kinetic energy of the sensitive element in this case will be  
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Here 2m  is the mass of the proof mass and 1m  is the mass of the decoupling frame. Potential 
energy of the sensitive element is formed by stiffness of its springs and is given by the 
following formula: 
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where 1k  is the total stiffness of the elastic suspension along the axis 1X  and 2k  is the total 

stiffness along the axis 2X . Taking into consideration expressions for the kinetic energy (2), 
potential energy (3), substituting them into equations (1), the following system of two 
ordinary differential equations that describe motion of the sensitive element of the generalised 
single mass micro-mechanical gyroscope will appear after some simple transformations: 
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where ( )211
2
01 mmk +=ω  and 22

2
02 mk=ω  are natural frequencies of primary and secondary 

oscillations respectively, ( )212 mmmd +=  is dimensionless inertia asymmetry factor, 

( )2111 mmQq += , 222 mQq =  are generalized accelerations caused by external forces, which 
act along respective axes. Note that if we simply assume that mass of the decoupling frame is 
zero ( 01 =m ) then 1=d  and we can obtain motion equations for the single mass micro-
mechanical gyroscope without decoupling frame. Finally, equation system (4) can be quite 
easily improved by introducing damping forces terms 
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Here 1ζ  and 2ζ  are the dimensionless damping factors that correspond to the primary and 
secondary oscillations of the sensitive element. 
 
It is apparent from analysis of the equations (5) that in case of ideal elastic suspension 
primary and secondary motion equations in this system are coupled only by means of the 
angular rate terms. It means that given absence of any external forces acting on the proof 
mass along generalized coordinate 2x  any forced displacements in this direction will be caused 
by the angular rate alone. Detailed consideration of the equation system (6) reveals that the 
angular rate is an unknown parameter of the system that makes the system (6) consisting of 
linear equations but with variable coefficients. Usually it is quite complicated task to find closed 
form analytical solution of such system in the general case. 
 
Now let us move on to the consideration of the sensitive element with rotational both primary 
and secondary motions. Kinematical scheme will be the same as in the previous case except 
that generalised coordinates now represent angles rather than translational displacements. In 
this case 1α  corresponds to the angle between base and the decoupling frame, and 2α  
corresponds to the angle between decoupling frame and the proof mass. Also all springs are 
rotational now. Needless to say that this case is slightly more complicated that the case of 
translational motion of the sensitive elements.  
 

Components of the external angular rate vector Ω
r

 given in the reference frame, which is 
assigned to the decoupling frame, are as follows: 

1111 α+Ω=Ω & , 

131212 sincos αΩ+αΩ=Ω , 

131213 cossin αΩ+αΩ−=Ω . 

(6) 

Transforming them into the reference frame assigned to the proof mass results in the following 
expressions: 

21321121 sincos αΩ−αΩ=Ω , 

21222 α+Ω=Ω & , 

21321123 cossin αΩ+αΩ=Ω . 

(7) 

With respect to the expressions (6) and (7), the total kinetic energy of the perfectly symmetric 
sensitive element is 
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Here ijI  are the moments of inertia of the i-th element (i = 1 – corresponds to the decoupling 

frame, i = 2 – corresponds to the proof mass) around j-th axis of the reference frame. 
Potential energy of the sensitive element is similar to the case of translational motions 
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where ik  are the angular spring constants of the elastic suspension. Given the expressions (8) 

and (9) for the kinetic and potential energies respectively, and again using Lagrange equations 
(1) we can obtain following motion equations 
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 (10) 

Here 1q  and 2q  are generalised angular accelerations caused by external torques acting on the 

frame and the proof mass respectively, id  and ig  are the dimensionless inertia parameters, 

meaning of which will be given later. All others parameters have the same meaning as in the 
case of translational motion of the sensitive element. Note that motion equations (10) were 
derived using certain simplifications: angles 1α  and 2α  are small so that ii α≈αsin  and 

1cos ≈α i , all non-linear terms with respect to these angles are assumed to be negligible. 

 
Unless we are interested in study of the cross-sensitivity of the micromechanical gyroscopes 
we can further simplify motion equations assuming that the reference basis rotates with an 

angular rate, of which the vector is { }3,0,0 Ω=Ω
r

. Therefore, analysing motion equations (5) 

and (10) one can see, that these two systems of equations can be easily combined into a 
single system regardless of what kind of motion is under consideration: 
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Here ( )tqi  represents either linear or angular accelerations that are caused by external forces 

or torques acting about corresponding axis, ix  represents either linear or angular 

displacements of the sensitive element. The dimensionless factors in equation (11) are 
explained in table 1. 
 

Table 1. Dimensionless inertia parameters 
 

 Translational Rotational 

1d  1 ( ) ( )211122122312 IIIIII +−−+  

2d  1 ( ) 222123 III −  

3d  ( )2122 mmm +  ( ) ( )21112321 IIII +−  

1g  ( )2122 mmm +  ( ) ( )2111232122 IIIII +−+  

2g  2 ( ) 22232122 IIII −+  

 
 
In table 1, all moments of inertia are presented in the form ijI  where the first index refers to 

the part of the sensitive element (1 is the frame, 2 is the proof mass) while the second index 
refers to the axis; 2m  is the mass of the proof mass and 1m  is the mass of the decoupling 

frame. One should note that, in case of sensitive element without an additional frame, 01 =m . 
All parameters of inertia presented in table 1 are subjected to the design process. Let us note 
that the rotational sensitive elements are more amenable to optimization. Furthermore, the 
dynamics of a sensitive element of micromechanical gyroscopes can be entirely described by a 
set of parameters as follows: 01ω  and 02ω  are the natural frequencies of primary and 

secondary oscillations; 1ζ  and 2ζ  are the relative damping factors; ω  is the operating 
(excitation) frequency. Natural frequencies and damping factors entirely determine the 
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structural parameters of the sensitive element, such as mass, length of springs and vacuum 
level among others, for any achievable fabrication process. On the other hand, characteristics, 
such as measurement range, sensitivity, resolution, bias and bandwidth are the subject of 
sensitive element design process. 
 
 
Primary mode and optimal excitation 
 
Sometimes it is more convenient to consider angular rate sensing by means of a vibratory 
gyroscope as an amplitude modulation. Indeed, output signal is a response of a simple 
oscillator forced by primary oscillations that are modulated by the external angular rate. In this 
case primary oscillations are a carrier. It becomes apparent after analysing of motion 
equations (11), where a first equation describes primary oscillations while second corresponds 
to the secondary. If there is no external rotation ( 03 =Ω ) the motion equations become 

independent 

( )
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Here 10q  is the amplitude of the excitation, ω  is the excitation frequency, and σ is the 

excitation phase. Assuming zero initial conditions ( 02121 ==== xxxx && ) solutions for equations 
(12) are 
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= tqtx  sin
4 22
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10
1 , 

( ) 02 =tx . 

(13) 

Phase γ  of the primary oscillations is given by 

( ) 22
01

0112tg
ω−ω
ωωζ

=γ−σ .  

Apparently, in order to perform reliable measurements of the angular rate, the carrier must by 
highly stable in terms of amplitude and frequency and its amplitude must be as high as 
possible. 
 
The most widely used in micromechanical gyroscopes with translational motion of the sensitive 
element method of excitations is by means of electrostatic interdigitated structure, which often 
is referenced as a comb-drive (see figure 4). 
 

 

V0 

ϕ 

V1 

 
 

Figure 4. Excitation of the primary mode 
 
 
Here 1V  is the voltage applied to stator of the comb drive, 0V  is the constant bias voltage 

applied to the sensitive element, ϕ  is the phase shift between voltage applied to the upper 
and the lower combs. The main purpose of such a drive is to produce a perfect harmonic force 
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that will excite primary oscillations. Total force acting on the sensitive element can be 
determined as 

( )( ) ( )( )
dx

dCVV
dx
dCVVFx

2
2

011
2

01

22
−τ

+
−ϕ+τ

= , (14) 

where 1C  and 2C  are the capacitances of the upper and lower comb structures in figure 4 
respectively, x  is the displacement of the sensitive element along corresponding axis. In case 
of the symmetrical and linear comb drives ( CCC == 21 , constdxdC = ) force will be  

( )( ) ( )( )[ ]
dx
dCVVVVFx

2
01

2
012

1
−τ−−ϕ+τ= .  

If driving is harmonic we can assume that ( )tVV ω= sin1 , VVV δ=0  and 

( )( ) ( )( )[ ]
dx
dCVtVtVFx

22
2

sinsin
2

δ−ω−δ−ϕ+ω= . (15) 

One can see from formula (15) that the resulting force acting on the sensitive elements is far 
from being harmonic. Nevertheless, by proper tuning the phase shift ϕ  we can significantly 
improve the situation. Let us determine the phase shift with respect to the maximum efficiency 
criterion. Assuming that the force does not depend on displacements, efficiency of the comb 
drive can be evaluated as follows: 

( ) ( )[ ] ( )( )
dx
dCVVdFVP

22
sincos81

2
,

2
22

2

0

2 





 ϕ

ϕ+δ+
π

=ττ=ϕδ ∫
π

. (16) 

Graph of the efficiency (16) is shown in figure 5. It is apparent that there are two different 
optimal phase shifts as a function of Vδ . 
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Figure 5. Efficiency of the excitation (solid - 5.0=δV , dashed - 0=δV ) 
 
 
Maximum efficiency values for the phase shift ϕ  and the voltage ratio Vδ  as a parameter can 
be determined from the following equation 

( ) ( ) 0sincos40, 2 =ϕϕ+δ⇒=
ϕ

ϕδ V
d

VdP
. (17) 

From (17) maximum efficiency phases are 

( )24arccos Vδ−=ϕ , (
2
1

<δV ), 

π=ϕ , (
2
1

≥δV ), 

2
π

=ϕ , ( 0=δV ). 

(18) 
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Thus there are two essential different driving modes of the sensitive element excitation: 
without bias voltage (grounded mass) and with bias, which is larger then a half of the driving 
voltage amplitude. Forces that acting on the mass in such modes are given by the following 
formulae 

( ) ( )t
dx
dCVVtFx ωδ= sin2 , (

2
1

≥δV ) - “biased” mode, 

( ) ( )t
dx
dCVtFx ω= 2cos

4

2

, ( 0=δV ) – “grounded” mode. 

(19) 

It has to be noted that biased mode results in a larger driving force comparing with grounded 
mode (see figure 6). 
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Figure 6. Excitation forces in different modes  

(solid – grounded, dashed – biased) 
 
 
However, driving force in the “grounded” mode will actuate with doubled frequency regarding 
to the driving voltage frequency. 
 
 
Secondary mode 
 
Having looked at the primary oscillations of the sensitive element and methods of their 
efficient excitation, let us move on to the secondary oscillations. Studying solutions (13), one 
should see that if external angular rate is absent then secondary oscillations are absent as 
well. Now we assume that the external angular rate is present but is constant ( 03 =Ω& ). Motion 

equations (11) become slightly simpler 
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 (20) 

Assuming an open loop operation of the gyroscope and zero phase shift for the excitation 
force, we can represent the right-hand part of equations (20) as follows: 

( ) { }tiqtq ω= eRe 11 , 

( ) 02 =tq . 
(21) 

We can also represent our generalized variables as it is accepted in the method of averaging 
( ) { }tiAtx ω= eRe 11 , 1e11

ϕ= iAA , 

( ) { }tiAtx ω= eRe 22 , 2e22
ϕ= iAA , 

(22) 

where 1A  and 2A  are the amplitudes and 1ϕ  and 2ϕ  are the phases of the primary and 
secondary oscillations respectively. Using expressions (21) and (22), a complex solution of the 
equations (20) can be obtained: 
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(23) 

Keeping in mind expressions (22), real amplitudes of the primary and secondary oscillations 
can be obtained from expressions (23): 
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(24) 

Note, that amplitude of the secondary oscillations is almost linearly related to the angular rate. 
Almost means that the angular rate is also present in denominator of the amplitude, which 
limits range of linearity for the sensor at high angular rates. Nevertheless, if one can detect 
this amplitude, some fairly good evaluations about external angular rate can be performed. 
 
The real phases of the primary and secondary oscillations are given by the following 
expressions: 
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(25) 

Using formulae (24) and (25) to obtain the amplitudes and phases respectively, we can now 
analyse sensitivity of a single mass micromechanical vibratory gyroscopes as well as its other 
important performances. 
 
 
Scale factor and its linearity 
 
As follows from (24), the amplitude of secondary oscillations is related to the angular rate. Let 
us represent this amplitude by dimensionless variables by means of the following substitution: 

001 ω=ω , 0002 δωω=ω , δωω=ω 0 , Ωδω=Ω 03 . (26) 
As a function of new dimensionless variables amplitude of secondary oscillations is given by 

Ωδ
∆ω
δω

= 2
0
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2

qgA , (27) 
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( )( )[
( )]

( )[
( )] .

14
4

1

222
2

2
01

22
120

2

22
21210

2

22
1

22
2

2
0

2

δω−Ωδ−δωζ+

δω−Ωδ−ζδωδω+

Ωδ+ζζδωδω−

δω−Ωδ−δω−Ωδ−δω=∆

d

d
gg

dd

 

Graphic plot of the amplitude as a function of relative angular rate is shown in figure 7. 
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Figure 7. Amplitude of secondary oscillations 
 ( -1

0 s 2000π=ω , 025.021 =ζ=ζ , 1=δω , 10 =δω ) 

 
 
One should note that no assumption has been made about the value of the angular rate. It is 
obvious from figure 7 that the relationship between the secondary amplitude and the angular 
rate is not linear for high angular rates. However, in order to deliver acceptable performance of 
the gyroscope this dependence has to be linear. The scale factor can be taken as a tangent at 
the origin to the curve that is presented by dependence (27). In this case, scale factor for the 
relative angular rate Ωδ  will be given by  

( )( )( )( )2
1

2222
2

22
0

222
0

3
0

12

414 ζδω+δω−ζδωδω+δω−δωω

δω
=Ω

qgC , 
(28) 

where Ω= ΩCA20  is the desirable output as compared with 2A . The dependence of the scale 

factor on the natural frequencies ratio 0δω  for different excitation frequencies δω  is shown in 

figure 8.  
 
Analysis of figure 8 shows that the greatest sensitivity is achievable only if natural frequencies 
are equal and excitation occurs on the eigenfrequency of primary oscillations. Moreover, 
considering (28) it is obvious that for better sensitivity the natural frequency of primary 
oscillations 0ω  has to be as low as possible. However, since sensitivity is not the only 

requirement for the angular rate sensor, exact matching of the natural frequencies usually is 
not the best choice. On the other hand, this leads us to the non-linear angular rate 
transformation. 
 
Let us introduce a non-linearity dimensionless factor as 

20

21
A
AL −=Ω .  

The relationship between ΩL  and the angular rate Ωδ  is shown in figure 9. 
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Figure 8. Scale factor as a function of natural frequency ratio 0δω   

(solid - 1=δω , dashed - 0δω=δω ) 
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Figure 9. Nonlinearity as a function of the relative angular rate. 
( 025.021 =ζ=ζ , 11 =g , 22 =g , 11 =d ) 

 
For given small values of non-linearity ΩL  (0…0.05) we can obtain following the approximate 
formula for corresponding relative angular rate 

( )[ ]( )[ ]
( ) ( )[ ]

2
1

22
0

2
1221

2
021

2
0

2

2
1

2222
2

22
0

222
0

41
414













δω−δωζ−ζζδωδωδω+−δω
ζδω+δω−ζδωδω+δω−δω

=Ωδ Ω∗

dggD
L

, 

( ) ( )( ) 2
2

22
01

2
2112

2
012

22
00 4 ζδωδω+δω−+−δω+δω−δω= dggddddD . 

(29) 

Assuming an acceptable value for the non-linearity ΩL  and a required measurement range of 

the angular rate maxΩ , taking into consideration ∗Ωδ  from expression (29) and substitutions 

(26), we can calculate the minimal acceptable value for the natural frequency of primary 
oscillations 

∗Ωδ
Ω

=ω max
min0 . (30) 

For example, if 01.0=ΩL  (1% scale factor nonlinearity) and 1
max  0.1 −=Ω s  then the minimal 

value for the natural frequency of primary oscillations will be Hz 450 ≈ω . Such a low value for 

the frequency means that the lower limit could be determined in fact by other factors, but 
nevertheless there is no reason to make it higher than it is really necessary. 
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Resolution and dynamic range 
 
There are many different ways for detecting displacements of the proof mass, such as 
capacitive, piezoresistive, piezoelectric, magnetic, optical, so far so forth. Needless to say that 
the simplest to implement and the most widely spread among micromechanical devices is, of 
course, capacitive. Assuming that one uses capacitive detection of the secondary oscillations, 
the formula for calculating the resolution of the micromechanical vibratory gyroscope can be 
obtained be means of given minimal capacitance changes, which the system is capable of 
detecting. Let us denote this minimal change of capacitance as minC∆ . Since capacitance C  is 

a function of proof mass displacement δ , we can write 

( ) ( ) ( ) ( )200 δ+δ
δ

+=δ O
d

dCCC .  

For the small displacements, which is true for the secondary oscillations, we can neglect by 
( )2δO  terms and the capacitance change will be given as 

( ) ( ) ( ) ( )
δ

δ
≈−δ=δ∆

d
dCCCC 00 .  

In case of differential measurement, which are quite commonly accepted in capacitance 
measurements, the resulting capacitance change is produced by subtraction of two separately 
measured capacitances 1C  and 2C  as follows: 

( ) ( ) ( ) ( )
δ

δ
≈δ−δ=δ∆

d
dCCCC 0221 . (31) 

For example, change in capacitance of two parallel conductive plates caused by displacements 
of the proof mass in case of differential measurement (31) can be calculated by the following 
formula 

δ
δ

εε
≈

δ+δ
εε

−
δ−δ

εε
=∆ 2

0

0

0

0

0

0 2 SSSC .  

Here, 0δ  is the base gap between the electrodes, δ  is the displacement of the electrodes, S  is 

the overlapped area, ε  is the relative dielectric constant of the proof mass environment and 

0ε  is the absolute dielectric constant of vacuum. The shift of the electrodes caused by changes 

of the angular rate ∆Ω  is given by 
∆Ω=δ ΩCr0 , (32) 

where ΩC  is determined by expression (28), 0r  is the distance from the rotation axis to the 

centre of electrode for the rotary sensitive element and unity for the translational sensitive 
element. Thus, comparing equations (31) and (32), we can obtain the resolution of a single 
mass micromechanical vibratory gyroscope that is given by 

( )( )( )( )
( )

δω
δ

ζδω+δω−ζδωδω+δω−δωω∆
=∆Ω

120

2
1

2222
2

22
0

222
0

3
0min

min 02

414

qgr
d

dC
C

. (33) 

Here the best resolution corresponds to a minimal min∆Ω . Note that formula (33) represents 
the resolution with a capacitive differential readout. However, the same procedure can be 
applied to any readout principle using expression (28) for the scale factor. The resolution, 
which is given by formula (33), is related to the dynamics of the sensitive element and is 
fundamental from the design point of view. The real resolution of the gyroscope cannot be 
better than the one determined by the dynamics of its sensitive element. Unfortunately, the 
resolution can be worse since it is also affected by noise. 
 
The resolution alone would never give to the user complete understanding of the measuring 
capabilities of a micromechanical gyroscope since it is tightly linked to the measurement 
range. The same resolution over different measurement ranges will correspond to the 
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gyroscopes with entirely different performances. Therefore another characteristic is widely 
used to describe measuring capabilities of sensors, namely dynamic range, which in case of an 
angular rate sensor is defined as follows: 

min

minmax
10log20

∆Ω
∆Ω−Ω

=R . (34) 

Here the dynamic range R  is expressed in dB, min∆Ω  is given by expression (33), assuming 

that the sensor threshold is equal to its resolution, maxΩ  is the maximum angular rate that can 

be measured with acceptable errors, which can be determined from expression (30): 

0max ωΩδ=Ω ∗ , (35) 

where 0ω  is the natural frequency of the primary oscillations. Graphic plot of the dynamic 

range as a function of the primary natural frequency is shown in figure 10. 
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Figure 10. Dynamic range as a function of the primary natural frequency 
(solid - 025.021 =ζ=ζ , dashed - 0025.021 =ζ=ζ , 10 =δω=δω ) 

 
 
Looking at figure 10, one can see that the lower the primary natural frequency is the higher 
will be dynamic range of the micromechanical vibratory gyroscope. Needless to say that for 
any reasonable required dynamic range the corresponding sensitive element can be designed 
even without vacuum packaging (solid line in figure 10). Despite this obvious fact, 
micromechanical vibratory gyroscopes are still referred to as a low-grade angular rate sensor. 
The reason for that is usage of micromachining for the fabrication of the gyroscopes in 
particular and the approach towards development of “miniature” sensors in general. As soon as 
designers try to develop a “micromechanical” gyroscope they make it extremely small in size, 
comparing to the conventional angular rate sensors. The overall size of the sensitive element 
in every direction varies from 100 micron to 5000 micron. As a result, the natural frequency of 
the primary oscillations ends up in a range from 5 kHz to 100 kHz. Apparently, in order to 
produce any, not mentioning high grade, angular rate sensing with such devices extremely 
high vacuum packaging is necessary. On the other hand, if one will try to design a gyroscope 
with low primary frequency, this will require making huge proof mass and very thin and long 
springs of the elastic suspension. This is quite complicated task if micromachining is used, 
especially considering very high relative tolerances of this fabrication process.  
 
 
Bias 
 
Bias in micromechanical gyroscopes can be the result of many different factors. Let us consider 
sources of bias concerned with the sensitive element and its dynamics. One of these is 
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vibration at the excitation frequency. The interference of vibrations at other frequencies will be 
small and can be filtered. It is obvious, that for the translational gyroscopes, only translational 
vibration will have an effect, and for rotational gyroscopes only angular vibrations will be 
relevant. Therefore, in the case of vibrations at operation frequency, the motion equations of 
the sensitive element will be 

( ) ( ) ( )
( ) ( )





=Ω−Ω−ω+ωζ+

+=Ω+Ω−ω+ωζ+

.2

,2

21322
2
32

2
0220222

112311
2
31

2
0110111

twxgxdxx
twtqxgxdxx

&&&&

&&&&
 (36) 

Here ( )tw1  and ( )tw2  are components of the acceleration vector that represents the motion of 

the base reference system. By representing the vibrations as ( )tww ii ω= cos0 , we can obtain 

the solution on the amplitude of secondary oscillations in dimensionless form 

( ) ( )
∆ω

Ωδ+ζδω+δω−Ωδ−+Ωδωδ
= 2

0

2
102201

22222
2012

2
21 wgwwqg

AW . (37) 

If we denote the amplitude without vibrations as 20A , which is given by (27), then the relative 

error caused by vibration at excitation frequency is given by 

( ) ( )
Ωδωδ

Ωδ+ζδω+δω−Ωδ−
=

−
=δ

12

2
102201

2222
1

2
20

20

202 21
qg

wgwdw
A

AAA W
W . (38) 

Let us note that the error arising from vibration does not depend on ratio between the natural 
frequencies but depends on the relative drive frequency. This dependency is shown in figure 
11. 
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Figure 11. Typical error from vibrations as a function of relative driving frequency 
( 025.021 =ζ=ζ , 11 =g , 22 =g , 11 =d , 1211 === wwq m/s2, 410−=Ωδ ) 

 
 
It can easily be proven that the minimal value for this error achievable at driving frequency is 
a solution of the following equation 

1101 2
2

2
2

2 ≈Ωδ−=δω⇒=Ωδ−δω− dd . (39) 

This result also ensures that it is preferable to drive the primary oscillations at their resonance.  
 
Another source of bias is a misalignment between elastic and readout axes. This is most typical 
for the translation sensitive elements. The linearized motion equations in this case will be as 
follows  

( ) ( )
( )





=ω∆θ+Ω−Ω−ω+ωζ+

=ω∆θ−Ω+Ω−ω+ωζ+

.022

,22

1
2
2122

2
2

2
0220222

12
2
1211

2
1

2
0110111

xxgxdxx
tqxxgxdxx

&&&&

&&&&
 (40) 
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Here θ  is the misalignment angle, ( ) 212
2
2 2Mkk −=ω∆ , ( ) 121

2
1 2Mkk −=ω∆ , where 1k  and 2k  

are stiffness, corresponding to primary and secondary oscillations respectively, 1M  and 2M  

are inertia factors that for translational motion 211 mmM += , 22 mM = , and for rotational 

motion 22111 IIM += , 222 IM = . The amplitude of the secondary oscillations in this case will be 

θ∆ω
ω∆δθ+Ωδδω

= 2
0

4
2

2222
21

2
4gq

A , 

( )( ) ( )[ ]
( ) ( ) ( )[ ] .214

41
22

2
2
1

22
2

2
01

22
120

2

22
21210

222
1

22
2

2
0

2

ω∆δ+ω∆δθΩδ−δω−Ωδ−δωζ+δω−Ωδ−ζδωδω+

+Ωδ+ζζδωδω−δω−Ωδ−δω−Ωδ−δω=∆θ

dd

ggdd
 

(41) 

It is apparent that if 0=θ  then there is no error arising from misalignment. Moreover, this 
error will also be absent in the following case 

21
2

212
2 0

2
kk

m
kk

=⇒=
−

=ω∆ . (42) 

Here ik  are the stiffness factors of the elastic suspension and 1m  is the effective mass of 

secondary oscillations. In addition, we can represent the amplitude (42) as a sum of two 
components, namely, one arising from the angular rate and the other caused by misalignment 

2202 θ+≈ AAA .  
In this case we can determine the relative error from such misalignment as 

22
2

4
2

2

20 Ωδδω
ω∆δθ

==δ θ
θ gA

AA , ( 0≠Ω ). (43) 

On the other hand, we can find an acceptable tolerance for the misalignment maxθ  with respect 

to the given acceptable relative bias maxΩδ  and under the condition of no rotation 

2
2

max
max ω∆δ

δωΩδ
=θ . (44) 

Formula (44) also gives us an angle of misalignment if bias is known. This value can be used 
for algorithmic bias compensation. If we can obtain information about external accelerations at 
the operation frequency the bias can be compensated based on dependence (38). 
 
 
Dynamic error and bandwidth 
 
Even though we assumed earlier that the angular rate is constant the reality is not as simple 
as that. Nevertheless, every user of an angular rate sensor would like to be able to measure 
variable angular rates as good as constant ones at least to some certain extent. In order to 
represent variable angular rate it is assumed to have harmonic nature. Consequently, the 
range of angular rate frequencies in which sensor is able to measure angular rate with 
acceptable small error in amplitude, which is called dynamic error, and phase is referred to as 
a sensor bandwidth.  
 
Let us consider movement of the sensitive element on a basis that rotates with harmonic 
angular rate 

( ) { }tit λΩ=λΩ=Ω eRecos 00 .  

Taking into account that the frequency of angular rate is small compared to the operation 
frequency, the corresponding motion equations of the sensitive element in this case are given 
by 

( ) ( )
( )





Ω+Ω=Ω−ω+ωζ+

Ω−Ω−ω=Ω−ω+ωζ+

.2

,cos2

1122
2

2
2
0220222

232111
2

1
2
0110111

xxgxdxx
xdxgtqxdxx

&&&&&

&&&&&
 (45) 
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When the amplitude of the angular rate is small ( 010 ω<<Ω ) and frequency λ  of the harmonic 

angular rate is small in comparison with the natural frequency 01ω , we can neglect the right-

hand terms in the first equation of system (45) except for the excitation term. In addition, 
centrifugal accelerations in this case are small and hence the equations reduce to 

( )






Ω+Ω=ω+ωζ+

ω=ω+ωζ+

.2

,cos2

1122
2
0220222

11
2
0110111

xxgxxx
tqxxx

&&&&&

&&&
 (46) 

The partial solution of the first equation of system (46) is given by the following: 
( ) { } ( ){ }1eReeRe 111

ϕ+ωω == titi AAtx , 

( ) 22
1

222
0

1
1

41 δωζ+δω−ω
=

qA , ( ) 2
1

1 1
2tg

δω−
δωζ

−=ϕ .  

Then the right-hand part of the second equation in system (46) will be 

( ) ( ){ }tiftif gAgA 21 eeIm
2 2121

0 λ−ω+λ+ω
Ω

− , λ±ω=2,1f .  

The partial solution of non-homogeneous equation (46) for the secondary oscillations 2x  yields 

a solution given by a sum of two oscillations with frequencies λ±ω=2,1f  

( ) { }tiftif AAtx 21 eeIm 22212 += .  
After substitution of the supposed solution in the first equation of system (46) we can find 
complex amplitudes of secondary oscillations 

( )
( ) ( )[ ][ ]δωζ+δω−δλ±δωδωζ+δλ±δω−δωω

δλ±δωΩ
−=

ii
gqA

1
2

02
22

0
3
0

210
22,21 2122

,  

where 0ωλ=δλ  is the relative frequency of the angular rate. Transition to real amplitude and 

phase gives us 
( )

( )[ ] ( ){ }( ){ }22
1

2222
0

2
2

222
0

3
0

210
22,21

4142 δωζ+δω−δλ±δωδωζ+δλ±δω−δωω

δλ±δωΩ
=

gqA .  

Hence partial solution for the secondary oscillations is given by 
( ) ( )[ ] ( )[ ]222221212 sinsin ϕ+λ−ω+ϕ+λ+ω= tAtAtx . (47) 

Here the phase shifts 22,21ϕ  are determined from the following expression 

( ) ( )( ) ( )( )
( ) ( ) ( )( )22

0
2

210

2
20

22
01

21 14
12

δλ+δω−δωδω−−δω+δλζδωζδω
δλ+δωδω−ζδω+δω+δλ−δωδωζ

=ϕtg , 

( ) ( )( ) ( )( )
( ) ( ) ( )( )22

0
2

210

2
20

22
01

22 14
12

δλ−δω−δωδω−−δλ−δωζδωζδω
δλ−δωδω−ζδω+δλ−δω−δωδωζ

=ϕtg . 

 

Assuming that 0=δλ⇒=Ω const , we can obtain the amplitude and phase of the secondary 
oscillations when the angular rate is constant. By making the following substitutions 

( )AAA δ±= 12022,21 , ϕ∆±ϕ=ϕ 012,11 ,  

solution (47) will be changed to 
( ) ( ) ( ) ( ) ( )[ ]00202 cossinsincos2 ϕ+ωϕ∆+λδ+ϕ+ωϕ∆+λ= ttAttAtx .  

After multiplying the signal corresponding to the secondary oscillations on a phase shifted 
carrier signal ( )0sin ϕ+ωt , the output will be as follows 

( ) ( ) ( ) ( )[
( ) ( )].22sinsin

22coscoscos

0

0202

ϕ+ωϕ∆+λδ+
+ϕ+ωϕ∆+λ−ϕ∆+λ=∗

ttA
tttAtx

  

The first item ( )ϕ∆+λtA cos20  is the signal related to the angular rate. All other items have 

doubled frequency and must to be removed by means of filtering after demodulation. Note that 
the output signal is distorted both in amplitude and phase. Phase distortion ϕ∆  is well 
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predictable in a very wide range by means of obtained formulae. Amplitude error caused by 
the harmonic angular rate is determined as 

2

0

020 δλ≈
−

=Ωδ λD
A

AA
, (48) 

where 

( ) ( ) ( )[ ] ( )[ ]
( )[ ]222

0
44

02

22
224

02
4

2
4
0

2
02

6

2
321465223

hg
gghgghgD

δωδω−δω+δω

−−−δωδω+−δω−+δωδω+−δω
=λ , 

2
221 ζ−=h , ( )0200 =δλ= AA . 

Formula (48) gives only approximate results but for small values of the relative frequency of 
the angular rate ( 01.0...0=δλ ) they are acceptable. The exact formula is more complicated 
and there is no reason to use it in this context. Graphs corresponding to both approximate and 
exact dependences are shown in figure 12 but there is no visually detectable difference 
between them in the given range. 
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Figure 12. Dynamic error as a function of relative angular rate frequency 

(dashed line 05.1=δω , solid line 1.1=δω , 
025.021 =ζ=ζ , 11 =g , 22 =g , 121 == dd , 101 =q m/s2, 10 =δω ) 

 
 
It is apparent that the dynamic error increases if the ratio between the natural frequencies 
approaches unity. In addition, it is possible to calculate a bandwidth if assume acceptable 
relative dynamic error maxΩδ  

λ
Ω

Ωδ
ω=

D
B max

0 . (49) 

Here bandwidth ΩB  is measured in radians per second. The graph for the relative bandwidth 

( 0ωΩB ) is shown in figure 13. 

 
Analyzing both figures 13 and 8, we can see that, as the ratio of the natural frequencies 
approaches unity (i.e. 10 ≈δω ), we obtain the maximal sensitivity but the minimal bandwidth. 

This effectively leads to a trade-off between these parameters. For open-loop gyroscopes, it is 
acceptable to have a ratio of the natural frequencies in the range of 0.9-0.95. For the closed-
loop operation, it is reasonable to have a ratio 10 ≈δω  for maximal sensitivity while providing 

required bandwidth by the feedback.  
 
Due to inaccuracies of the present fabrication technologies, springs and other elements of the 
elastic suspension may have unknown and unpredictable deviations from the design values. 
This will result in deviations in the main parameters of the sensitive element. As shown above, 
one of the main parameters which is important for both sensitivity and bandwidth is the ratio 
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of the natural frequencies. Let us consider small deviations of natural frequencies caused by 
the production inaccuracies. 
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Figure 13. Relative bandwidth as a function of ratio of the natural frequencies. 
( 01.0max =Ωδ , 0001.021 =ζ=ζ , 11 =g , 22 =g , 121 == dd , 101 =q m/s2, 10 =δω ) 

 
 
Deviations of natural frequencies will result in the deviation of the ratio of the natural 
frequencies as given by 

( )δω
∗ ε+δω=δω 100 . (50) 

Using expression (50), we can calculate the relative deviation of the bandwidth that can be 
represented as follows 

( ) 00 ΩΩΩΩ −=δ BBBB , (51) 

where 0ΩB  is the bandwidth corresponding to the absence of deviations ( 0=εδk ). For small 

deviations kδε , we can represent (51) by the following formula 

δω
ε

ε
Ω ε≈δ

2

1

D
DB , (52) 

where 
( ) ( ) ( )[ ]{ ( ) ( )[ ]
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0

222
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+δω++δωδω−+δω−ζδωδω+δω−δω=ε

ggg

hghggD
 

Note that this relative deviation of the bandwidth does not depend on the absolute value of the 
driving frequency. 
 
 
Design methodology 
 
The presented above analysis of the sensitivity, linearity and bandwidth have resulted in two 
design trade-offs. Firstly, in order to increase sensitivity, working frequency has to be as low 
as possible, but in the same time there is a lower limit that depends on scale factor linearity 
requirements. As a result, natural frequency of the primary oscillations can be chosen by 
means of formula (30) taking into consideration acceptable value of the non-linearity and 
required measurement range. Secondly, in order to obtain maximum sensitivity, both natural 
frequencies of primary and secondary oscillations have to be of the same value, but it will 
result in a minimum for the bandwidth. This trade-off can be resolved by formula (49) so the 
ratio of the natural frequencies will have to be designed providing necessary bandwidth. As a 
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result, parameters such as driving frequency, primary frequency (natural frequency of the 
primary oscillations) and ratio of the natural frequencies can be directly calculated and they 
have to be precisely implemented during sensitive element design or feedback control loops 
design. 
 
 
Resume 
 
The presented analytical approach to the design of the sensitive element of micromechanical 
vibratory gyroscopes allows both prediction of the performances and determination of the 
dynamic parameters that are necessary to achieve high performance of inertial instruments. 
Even though the proposed approach is applied to sensitive elements, most of the dependencies 
can also be used for detailed analysis of the dynamics of micromechanical gyroscopes while 
designing control circuits.  
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