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Abstract

The Mandelbrot set is arguably one of the most beautiful sets in mathematics. In
1991, Dave Boll discovered a surprising occurrence of the number m while exploring a
seemingly unrelated property of the Mandelbrot set. Boll’s finding is easy to describe
and understand, and yet it is not widely known — possibly because the result has not
been rigorously shown. The purpose of this paper is to present and prove Boll’s result.

1 Introduction
The Mandelbrot set M for
Q.(2) =2 +c¢ (1)

(displayed in figure 1) is often defined to be the set of c-values for which the orbit of zero,
{Q(0)}5%,, is bounded. It is easy to show (see appendix 1) that if |z| > |c¢| and |z] > 2

Figure 1: The Mandelbrot set (shown in black) for Q.(z) = 22 + ¢ lies in the c-plane inside the
disk ¢ < 2. The Nth shaded band outside M shows the ¢— values for which the first IV iterations
of the orbit, {Q7(0)}2_,, escapes ¢ < 2. The left side of the circle ¢ = 2 is the outermost curve

through the left middle of the image.

that the orbit {Q7(z)}7L, diverges. From this, we know that M is contained inside the disk
lc] <2. So, we can refine our definition of M as follows:

M={ceC:|Qr0)] <2foralln=1,23,...}. (2)

The bands of shades or colors normally displayed outside M represent the smallest number of
iterations N such that {|Q7(0)|}|2Z; exceeds 2. In what follows, we tell the story of an observation
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that weds the number 7 to the banded region outside the Mandelbrot set in a simple and yet
remarkably beautiful way.

Our story began in 1991 when Dave Boll was a computer science graduate student at Colorado
State University. Boll had many curiousities, among which was his fascination with computer
generated fractals. Boll was trying to convince himself that only the single point ¢ = (—0.75,0)
connects the cardioid and the disk to its left. He could not have been prepared for what he was
to discover. Boll described his finding at his web site [4] which we mostly follow here:

“I was trying to verify that the neck of the set (which is at (—.75,0)) in the complex
plane) is infinitely thin (it is). Accordingly, I was seeing how many iteration points of
the form (—.75,¢) went through before escaping, with £ being a small number. Here’s
a table showing the number of iterations for various values of ¢:

€ # of iterations
1.0 3
0.1 33
0.01 315
0.001 3143
0.0001 31417
0.00001 314160
0.000001 3141593

0.0000001 31415928

Does the product of ¢ and the number of iterations strike you as a suspicious number?
It’s pi, to with +- ¢. What the heck!

Let’s try it again, this time at the butt of the set. The butt of the set occurs at (0.25,0),
and here’s a table for points of the form (.25 + €, 0)

€ # of iterations
1.0 2
0.1 8
0.01 30
0.001 97
0.0001 312
0.00001 991
0.000001 3140
0.0000001 9933
0.00000001 31414
0.000000001 99344
0.0000000001 314157
Again we get the same type of relationship, this time the # of iterations * sqrt(e) gives

pi‘”

Boll’s discovery has since been popularized mostly thanks to its publication in Chaos and
Fractals: New Frontiers of Science[13] and also thanks to Gerald Edgar[9] at Ohio State University.
However, as pointed out by Edgar, although the “m — result” for the sequence along the real axis
was known at least as early as 1980 (see [15] and [11]), only hueristic arguments had been provided
for the observation. We now provide a proof for the “m — result” into the cusp of M.



Figure 2: The two routes to 7 discovered by Boll. The cusp route is ¢ = (0.25 + ¢,0) and the
vertical route is ¢ = (—0.75,¢). Although not shown, ¢ = (—0.75, —¢) will work as well due to the
symmetry of M.

Figure 3: Along the route ¢ = (0.25 4 ¢,0) into the cusp of M, the orbit {Q7(0)} is real and is
depicted by a web diagram. If ¢ = 0, the graph of y = Q.(x) and y = z touch at the fixed point
x =1/2. If ¢ > 0 but small, there is no fixed point, but most iterations are close to z = 1/2.

2 Main Theorem

The w-Theorem: Choose € > 0 and let N(e) be the number of iterations required for the orbit of
zero, under the map Q1/4+.(7) = 2?2 +1/4 + ¢, to exceed 2, i.e.

N(E) = min Q4. (0) > 2. 3)
Then
1i%1+ VeEN(g) = . 4)

Figure 3 shows that the majority of steps in the orbit of 0 are spent close to 1/2 and that the
step-size goes to zero there as ¢ — 0%. This gives us reason to believe that the solution of the



difference equation

1
xk+l:{1}i—|—1+€, 9 =0 (5)
or equivalently
H 1“2
Th+1 — Tk = LL‘k*i +¢e, x20=0 (6)

may be well approximated by the differential equation
d
d—f =(x—1/2)2+¢, 2(0)=0 (7)
for € small and = near 1/2. Sure enough, as claimed by the following Lemma, the differential
equation for x near x = 1/2 yields the “m result” analogous to equation (4).
Lemma 1: If ¢ > 0, the time T'(¢) that it takes for the state variable x(t) satisfying (7) to
evolve to xz(T'(€)) = 2 satisfies

liIcI)l VeT(e) = . (8)
e—0+
Proof: If we replace the initial condition in (7) with x(0) = 1/2, then
1
x(t) = 5 + Ve tan \/et. 9)
To prove the Lemma, we need to show that
x(T-(g)) =0 and (T4 (e)) =2 (10)
respectively imply
lim V2T (g) = —= and lim VET4(c) = =. (11)
e—0* 2 e—0+ 2

The results in (11) follow immediately after writing (9) in its equivalent form
x(t) —1/2
NG

Vet = arctan (12)
and substituting the conditions (10) into (12).3¥

Remark 1: The terminal state 2 in (10) could be replaced with any number greater than
1/2. We use 2 because it is the radius of the smallest circle centered at the origin containing the
Mandelbrot set M.

What remains is to show that the solution of the differential equation (7) really does approximate
the solution of the original difference equation (5). We begin by solving

1
$k+1=$i+z+€7 xo = 1/2. (13)
The first four iterates give

r1 = §+8,

1 2
Ty = §+2€+8,

1
r3 = §+3€+582+483+€4,

1
T4 = §+4g+1452+3453+5054+---,



and we recognize a pattern on the lowest order terms in order to conjecture that

A !
>
Ty = §+n€+ 2 g2
Hz':o q
= s +tne+ 1n?’—lnz—i-—n e +
2 3 2 6

It is natural to Taylor expand the solution of the differential equation (given in equation (9))

1 i ~¢
xz(n) = 3 + Vetan en
1 1 2
= §+7’L€+§7’L382+1—57’L583+"'. (14)
in order to make comparisons with the solution of the difference equation. Since we seek to choose
the largest integer n we can, we let n = K/, /¢ (with K less than but as close to m/2 as possible so
that n is an integer) to get

i |

v(n) = a(K/VE) = 5+ VE K+ K3+ =K%+ (15)

which should be compared with the solution of the difference equation

A '
T ST L NN L O T L
n T 9T ET 3 E T2 6 VB
1 H 1 2 Ll
= S+VE K+§K3+1—5K5+--- +0(e). (16)

Remark 2: We have chosen n so that ny/e ~ 7/2 forge small and so that lim,_o+ nye = /2.

Remark 3: The expression K + 1K+ &K%+ -+ from x(n) in (15) is the tangent series.
However, the same looking expression from x,, in (16) is a partial sum of 2"~1 terms that we aim
to show are the first 271 non-zero terms of the tangent series.

Taylor’s theorem says that

K3 2K° n
tanK:K+?+1—5+---+a2nflK2 71+

tan®") k on
(2m)!

for 0 < k < K where tan® z denotes the jth derivative of tanz and a; denotes the jth non-zero
term in the tangent series. So, once we can show that (16) contains a partial sum for tan K,
equation (16) becomes

™

Tn=g5+ Ve tanK O + 0(e)
Setting x, = T,z = 2 in (16) implies
2-1/2 SR
/2 _ tan K — MKZ + O(V/e) (17)

Ve (2)!



which should be contrasted with setting the solution of the differential equation x(n) = x(K/\/z) =
2 in (15) to get

2—-1/2
NG
Since the tangent series converges, we know that given any & > 0, there is a sufficiently large value

of n for which the magnitude of the remainder term is less than é. Equivalently, there must be a
positive exponent a so that the error term is less than ¢ = ¢ so that (17) gives

= tan K. (18)

3 a
2—\/E—tanK—O(€)+O(\/E), a>0
which leads to
M 3 il

. T -1 9 ay _
EE)%I"'TZ\/E_EE)%I"’ tan 2\/E+O(8 ) — O0(e)

m
5.
So, our goal is to show that the sum in (19) is really the partial sum for the tangent series. We’ll
also need to show a similar result for n negative. We begin with a lemma that describes the form
of the solution x, of the difference equation.

Lemma 2: The solution z,, of the difference equation (13) is

Ty = pj(n)sj, n=12,3,... (19)

where po(n) = 1/2 and p;(n) is a 2j — 1 degree polynomial in n (for j = 1,2,3,... ) that satisfies
the recurrence relation
> »
piln+1)=pj(n) +  pi(n)pj—i(n), pr(n)=n, j=2,34,... (20)
=1
Proof: Since x1 = 1/2 + ¢, we have pp(1) = 1/2 and p1(1) =1 so (19) holds for n = 1. Now
assume (19) is true for n = m. Then

2 -
m-1 2 1
Tma1 = po(m) + pr(m)e + pa(m)e® + pa(m)e® + -+ ppm-1(m)e?" 4 1te @D
L) . #
2 1° X '
= p§(m)+ 1 + [2po(m)p1(m) + 1]e + -+ + pi(m)pj—i(m) & +---, (22)
=0
for j =2,...,2™. We have now shown that (19) is true for alln = 1,2,3.... We now must prove

the properties of the p;’s hold. Since our induction hypothesis includes po(m) = 1/2, (21) implies
that po(m + 1) = (1/2)? +1/4 = 1/2 proving that po(n) = 1/2 for all n = 1,2,3.... Similarly, we
assumed that p1(m) = m, so (21) implies that py(m+1) =2 % -m + 1 proving that p1(n) = n for
allm =1,2,3.... Since po(n) = 1/2 for all n, the coefficient of &’ in zp+1 = 22 + % + € gives the
recurrence relation

pi(m+1) =p;(m)+  pi(m)pj_i(m) (23)



directly. Finally, (23) is equivalent to

>
pi(m+1) = pi(k)pj—i(k) (24)
k=1 i=1

since p;(1), the coefficient of €7 in 1, is zero. Since p;(m) and pj_;(m) are 2i — 1 and 2(j —
(), — 1 degree polynomials respectively, p;(m)p;—i(m) is a 2j — 2 degree polynomial and so is
g;ll pi(k)pj—i(k). It follows then that the right-hand-side of equation (24) is a 2j — 1 degree

polynomial . ¥

We saw in equation (16) that the lower order terms in the polynomial coefficients p;(n) con-
tribute to O(e) terms which ultimately have no effect on the result. What we need is the coefficient
a; of the highest degree term in p;(n).

Lemma 3: Define a; to be the coefficient of the highest degree term in p;(n). Then a; satisfies
the recurrence relation

1 X

a; = 2j 1 3 aiQj—q, al = 1. (25)
=1

Proof: By definition, p;(n) = ajn®~! 4 ¢;n®=2 4 ... where ¢; is the constant coefficient of

n?=2. From the recurrence relation (23) for p;(n), we have
. 3 -
i ‘ ‘ ¢ . . ¢ o y
an® 4 em® T2 4 4 am® b em® 2 a4 mPUT T e 207072

i=1
=a;(n+ )P pen+ )22 4.

= an? 4 (2] = Dagn® 2 4 e 4
Equating coefficients of n?7~2 gives

1 R
aj = m ' aiaj_i
1
and a; = 1 since by(n) =1-n.¥
Next, we show that the a;’s are coefficients for the tangent series.
Lemma 4: The non-zero coefficients of the tangent series are also generated by (25).
Proof: We can write
XX N
tanr = ", —w/2<z<7/2
k=1

since tan z is analytic on —7/2 < x < 7/2. Futhermore, since tanz is odd, ¢y = 0 for even k. We
can differentiate the convergent power series and we have

—tanz =sec?z = 1 + tan’z
dx
so that - -
A IA 1
X > >
kepz® 1 =1+ cpx” cpx” (26)
k=1 k=1 k=1



Equating coefficients of 2™ for n = 2j = 2,4,6,... in (26) gives

. X
(2] +1)cojw1 = CmCl. (27)
m+1=2j
m,l odd
If we then substitute a; = cp;—1, (27) becomes
» X
(27 + Dajer = aiaj+1-;
=1

which completes the proof after replacing j with j — 1.3

Having just shown that the leading coefficients in p;j(n) match the jth non-zero term in the
tangent series, we have completed the proof that it is valid to replace the difference equation wth the
differential equation for 1/2 < x,,z(n) <2, n > 0. We next tackle the case of 0 < zp,,x(n) < 1/2,
n < 0. Since we are restricted to x > 0, the map f(x) = 22 + 1/4 + ¢ has the inverse

fYx) = px —1/4—e.

So, x_, =y, for n > 0 if

P
Yn+l1= Yn—1/4—e, yo=1/2. (28)
The first few iterations are (expanded in ¢)
P

Yy = p1/4—5:1/2—5—52—253—---

Yy = p1/4—2s—---:1/2—25—552—2253—---

Y3 = p1/4—3s—---:1/2—35—1452—10653—---

ya =  1/4—4de— - =1/2—4e —30e® — 3463 — - -

Conveniently, we see patterns similar to those found in the case where z > 1/2. We conjecture
and prove the following.

Lemma 5: The backwards solution of the difference equation xp+1 = 22 + 1/4 +¢, x0 =
HZ, k= 0,—-1,-2,... (with 0 < z; < 1/2) or equivalently the forward solution of y,+1 =
Yn — 1/4 — e,y0 = 1/2 by substituting x_,, = y,, is
X ‘
yn = gj(n)e’ (29)
j=0
where go(n) = 1/2 and ¢;(n) is a 2j — 1 degree polynomial in n (for j = 1,2,3,...) that satisfies
the recurrence relation
> 23 »
gi(n+1)=qj(n) = a(n)gj—i(n) +O77°), @(n)=-n, j=234,... (30)
i=1

where O(n?=3) denotes a polynomial of degree at most 2j — 3. The careful reader has already
noticed the similarities with Lemma 2.
Proof: We will find it more convenient to work with the difference equation

Zn+1 =V —e—1/4, 2 =1/4 (31)



which is equivalent to (28) via yr = 2x + 1/4 so that (29) becomes

1 X :
2 =qo(n) — =+  ¢i(n)e. (32)
j=1

We first note that go(n) = 1/2 and ¢1(n) = —n follow trivially by mathematical induction upon
substituting equation (32) into (31) and equating coefficients of €2 and ! to get

-
1 1
gon+1)= q(n)—=, q(l)=73
4 2
and
an+1)=q(n) -1, qo(1)=-1
respectively.
Next, we seek a recurrence relation for ¢j(n). In order tpido this, we must know what the first
j + 1 terms are in the Taylor series expansion for f(¢) = z(e) —e — 1/4. We denote the jth

derivative of f or z by f@ or 20) respectively.

Claim: For each j =2,3,4,..., the jth derivative of f(¢) is

LA ] . #
TRl
= T(z )32 5 Z RON DI 5(2 Y20 (33)
i=1

f(j)(g)

b

where the terms denoted by “---” are of the form

Y h i
a i) ™ (34)
k
where
X X
dgpry = jand  pg>3or (35)
dype < J (36)
k

and o = y(z — £)~"/? for sgme constant v and odd natural number 7.
Remark: If we define ?=1 x(i) = 0, then the Claim holds for j = 1 as well.
Proof of Claim: We first note that the terms of f&)(g) displayed in (33) do not satisfy

conditions (35) or (36). The ith component of the first j — 1 terms in (33) can be written
(SRR ] ~h i
%1 I (o —e) 320,00 — g 0 P

k=1

it P
‘a_z;th o = %lg (z—¢e)%2 dy =i,dp =j—i,and pp = pp = 1. So, izlpk =2 < 3 and

2:1 dipr = j so that neither (35) nor (36) hold. The last term displayed in (33) term can be
written

h i
Lo 2,0 — g e ™



. : P, P, .
with dp = j and p1 = 1so that ;_;pr=1<3and j;_jdipr=17J.
We next show that f®(e) satisfies the claim. Differentiating f gives

FOE) = 5z - o) W2 E® — 1)

and

1

OE) = Tle=e) O 14 S - o) MO

4 h oyl 1 1 1

= —(2—e)%2 2O 4 2 (z—e)V2D 4 _(z— )20 _ 2 (2 —)73/2, (37)
4 2 2 4

Taking j = 2 in the first displayed part of (33) gives the first term in (37) and taking j = 2 in the
second displayed part of (33) gives the second term in (37). The last two terms in (37) are of the
form (34) and both clearly satisfy condition (36).

We now proceed to assume the claim is true up to j and prove that it follows then for j + 1.
We differentiate (33) to get

. #
Pl
FOD ) = g(z _ )52 % I 0,69
(3
=1
. #
B i N I TR OW e R
1 2., i

_%(Z ) 3/2,M,0)

i o320
1
1

Before going further, we note that the first term can be written as
; =oyh i, X yh i
RO CED NN (Ol (R

3 ~5/2(, _ 1)
=1 ! =1 k=1 =1 k=1

5(2*5)

i ¢ P
where «; = %(z —5)*5/21g ,di =i, dp=j—i,d3=1,p,=1for k=1,2,3 so that zzldkpk =
j+1land  f_;pr =3 (first part)  4_;dgpr = j < j + 1 (second part). Also, the fourth term
fits the form

h i
i(z L y2,0) g a)
P, o . .
so that  _;dgpr =7 <j+ 1. All that is left is
LAl . -#
VIR| h 1
G (o) — Lo, 32 PRI e G G
f (e) (z—¢) 22 + 22
4 2 _, i

i(z —e)7¥2, M0 4 %(2 —e) V20 L

10



We need, then, to show that

Sich | KT i
L0+ @G+ _ L7 T e G0 0,640 0,0,
2 i 2 1

=1 =1

But
& K T i
% T +0,0-0 | 0,0+1-) | ,0,0)
(3
i=1
(¥ qa : qa )
> H o »EH .
_ 1 T @,Gv-y T T 0,00 L m,0)
1=2 t= =1 L
LT PURITRNNL TR ) TR | )
A O )N o ey ) 0,0 40,0
2 1 . 1—1 ] j—1
=2
b
= (@0 LTI @ Gy
=2 ¢
sch |
A R RN OR e
2 i—1 ]

We now must show that the derivative of terms originally of the form (34) retain the form (34)
under differentiation. Let

> h i
g&)=a @™
k=1
with properties for (34) satisfied along with conditions (35) and (36). Then
d d ¥ho i > h o i, hi g
d_sg(g) — dj( (1) 1) Z(dk) Pk ta z(dk) pkpi z(d') P Z(d|+1)

k=1 i=1 ik

¥ h i mylh i Y h i h i,
= Ao T g e Ao gy e pi A @) T @

g 4
| k={7 } I k:1{7 } I =1 i#k {7 }
g1 g3

E-learly, piece g1 satisfies Whlchelgpr condition |§5 or (36) that |§bd1d which 1mmed1;i§5ely implies
dkpk < j+1. Piece g2 has Pdkpk = = 1dkpk+1 If b= 1dkpk =7, hﬁy k 1Pk =3
smceF§35 ) must hold) and we have i L dipi = +1 If, on the other hand, |:Jr=1 dppr < 7,
then 2, Ydpe < j+1. The ith term in g3 has o dep +di(pi —1) +di+1 = req depr + 1.
So, as for gz, g3 still satisfies either condition (35) or (36) with j replaced by j+1. This completes
the proof of the Claim.
Recalling, now, that

1
z==+q(n)e+q@n)e® +qan)e +- -,

4
we have N "
T |- Al (U | =1
. -1"1 2 1 171 2 i
@) __- = - J o N P - = 7 @)

11



where

gDO0) = a0
? k e=0
> Hl'ﬂ_r/z Y
= T g Wl ()
7 k
It follows then that for j = 2,3,...
f(j)(()) > > 2T7i Y "
gj(n+1) = o qi(n)gj-i(n) + q;(n) + 7 di!qgs (n) (38)
: i=1 i :
| {z }
remainder
where g1(n) = —n. Since sums and products of polynomials are polynomials, g;(n) is a polynomial.
We now show that ¢;(n) is a 2j — 1 degree polynomial for j = 1,2,3,... . Since it is true for
i = 1, we now assume true for i = 1,... ,j — 1. Using the notation O(d) to denote a polynomial
of degree d, we have ~
A L]
. _ <
G+ 1) —qn) = O@2i-1)-02G+1)-1)+0  (2ds—pe
A "y
. < <
= 02j-2)+0 2 dypr—  px
g | P Pt P .
COIldlt]ﬁle (35) an'g (36) imply that either , dgpr = j and ;. pr >3 or ,dipr < j. Either
way, 2 L dppk — Pk < 2j —3. So, the remainder term in (38) is at most a 2j — 3 degree

polynomial and the difference ¢;(n + 1) — g;(n) is a 2j — 2 degree polynomial:
gj(n+1) = gj(n) = Byn =2 + Bon® =3 4 -

or equivalently,

X , ‘ ¢
gi(n+1) = Bk 2+ Gk 4

k=1

which is a 25 — 1 degree polynomial. This completes the proof of Lemma 5.3
Finally, we use the fact that ¢;(n) is a 2j — 1 degree polynomial along wi‘iJ_:!, fche fact that the

remainder terms in (38) are at most a 2j—3 degree polynomial to rewrite g;(n)— z;ll ¢(n)gj—i(n)+
-~ =g¢j(n+1)in (38) as
¢ ]
I T L L T [
=1 0(2j-3)
=aj(n+ 1% ein+1)H 24

=an® 4 (2 — Dan¥ 2 +¢n? =2 ...

2

¢Mi

i - i
ajnZJ 1y cjnZJ 24

Equating coefficients of n?/=2 gives

L, <
a; = ——— a;aj—;
2 =1
and we already know that a; = —1 since ¢1(n) = —1-n. The proof of the “m — result” into the

cusp of M now follows from the lemmas!

12



c =(-1.25-¢,¢)

g MNiz) 2z =)
0.1 18 36

0.01 159 318
0,001 1586 3172
0.0001 15731 31482
0.00001 157085 31417
0.000001 1570800 | 31416
0.0000001 | 15707976 | 3.1415952

Figure 4: The parabolic route ¢ = (—1.25 — £2,¢) into the point (—1.25,0) avoids crossing the
decorations of M and produces another 7 — result. The symmetric route ¢ = (—1.25 — 2, —¢)
gives the same result.

3 Conclusion

Rather than attempt to complete the proof of Boll’s vertical route shown in figure 2, we do some-
thing much easier. We conjecture that there are infinitely many such routes at each of the infinitely
many pinches of M. In fact, in 1997, Jay Hill found that the parabolic route ¢ = (—1.25 — €2, ¢)
into the pinch at (—1.25,0) yields a “r — result”[9]. We provide a table of our own experiment for
this route in figure 4. We know of no other reported routes to date (except the obvious routes given
by the symmetry of M.) Another open problem is to determine the function of ¢ that multiplies
N(e). So far, we have

ae’N(e) =« (39)
where we've seen a = 1,2 and b = 1,1/2. In general, should we expect (39) to hold for some
rational values a and b7 If so, what does the pinch location in M tell us about a and b?
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5 Appendix

Theorem (Escape Criterion): If |z| > 2 and |z| > |¢|, then Q.(z) — o0 as n — oo.

13



]

Figure 5: If |z| > 2 and |z| > |¢|, then |Q.(2)| > |2|.

Picture Proof: Figure 5 gives the main idea of the proof: if |z| > 2, then |Q.(2)| > |z| > 2.
Taking Q.(z) to be our next z, the result follows.
Proof: Let |20| > 2 and |20| > |¢|. Then

def
21 = 1Qc(20)] = |26 + ¢
> |20? — | (triangle inequality)
2
> |zo0l® = [20] (|20 = |c])
= |20[(]20] = 1)
= Ao|20|-

where \g = |20| — 1 > 1. This implies that |z1| > |z0| > 2, so continuing we have

def
22] = |Qe(21)] > Mlz1] > A dolzo] > A3|z0f

where we have defined \,, = |z,| — 1 so that clearly A, > A, for n > m. Mathematical induction
on n gives |z,| > Ag|20|. Taking n — oo completes the proof.
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