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in a matrix of a barrier polymer like poly(ethylene terephthalate) or polystyrene. This paper develops
a mathematical model for predicting the transient barrier properties of such blend films. The analysis
uses a “shrinking core” model for oxygen consumption by the particles and treats oxygen diffusion in
the matrix polymer by a one-dimensional approximation. Scavenging can extend the time lag for the
transient permeation by factors of thousands. A key point of the analysis is the calculation of the flux of
oxygen exiting the downstream surface of the film for times of the order of the time lag and less using

physi
athematical modeling realistic geometrical and

. Introduction

There is a well-recognized need for better polymer-based barrier
aterials for limiting oxygen ingression into food, beverages, phar-
aceuticals, and particularly sensitive electronic components like

isplays based on organic light-emitting diodes. There has been a
ong effort to discover polymers with very low intrinsic permeabil-
ty to oxygen and other small molecules. In recent years there has
een much interest in incorporating plate-like particles into poly-
ers that reduce permeability by making the penetrant diffusion

ath more tortuous. Each of these approaches seeks to reduce the
xygen transport in a steady-state situation.

Another approach that has been recognized since at least the
960s is to greatly delay the time required to achieve steady-
tate transmission of the penetrant, i.e., to increase the time lag,
, by scavenging or immobilizing the penetrant as it diffuses
hrough the film [1–4]. The earliest examples involve adsorp-
ion by filler particles; however, in more recent times interest
as turned to incorporation of reactive components, typically an
xygen-scavenging polymer or OSP, that irreversibly consume oxy-
en. This approach is specific to oxygen, and large quantities of
xygen can be consumed in this way. A number of patents have
een issued describing variations on this idea for food and bever-

ge packaging [5–11]. Polybutadiene is an example of a polymer
hat readily oxidizes [12–18] particularly in the presence of certain

etal catalysts [19].
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There are many ways an oxygen-scavenging polymer can be
incorporated into a barrier film or sheet. One of the most straight-
forward ways is to simply blend a butadiene-containing polymer
with a matrix polymer like poly(ethylene terephthalate), PET, or
polystyrene, PS; however, owing to the immiscibility of these poly-
mers, one can expect the oxygen-scavenging polymers to form
particles (spherical in the simplest case) in the PET or PS matrix. In
principle the particle size can be controlled by rheology and com-
pounding conditions. Alternatively, the OSP may be co-extruded
with the PET or PS to form a layered structure, perhaps with many
layers [20]. In addition combinations of blends and co-extrusion
may be used. The question becomes what is the optimal struc-
ture to achieve the best barrier performance while meeting the
requirements of mechanical and optical properties. Clearly, there
are many variables to consider with a very large experimental
matrix to explore. A more rational approach would be to pursue an
appropriate modeling strategy in combination with a more targeted
experimental program. In the end, if the time to reach steady-state
permeation is extended to ranges required by some applications, a
totally experimental approach would be unworkable because indi-
vidual experiments may take years to complete.

There has already been a considerable effort devoted to
modeling this type of approach to improved barrier structures
[1–3,21–33]. As it turns out, there are relatively simple and accurate
schemes to predict the extent scavenging increases the time lag.
However, for critical applications one needs to predict the extent

of the “leakage” permeation that occurs during the period t < �,
and this requires more sophisticated modeling as recognized by
Nuxoll and Cussler [26]. We present here a modeling approach
that attempts to address this issue for the case of a “blend” film
as described above. The rate of oxygen consumption by the OSP
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articles is needed as information input for these calculations. The
ate of oxygen uptake by these particles involves a diffusional pro-
ess in addition to reaction kinetics [34–38]. Here we simplify this
rocess by applying a “shrinking core” approximation to the oxygen
ptake of the OSP particles. Experimental techniques and results
or quantifying the oxygen consumption by films of butadiene-
ontaining polymers initiated as part of this program have recently
een described [39,40].

A proposed model of the oxygen transport in the blended film
s formulated here. A computer code has been developed to solve
he resulting differential equations, and example calculations for
ypical parameters are presented to illustrate the effects that can
e expected. Future work will focus on validation of the model and
uantifying the various parameters by independent experiments.

. Physical description of the model

Blend films of interest consist of a matrix polymer that is melt
rocessible and a good oxygen barrier, e.g., PET, into which particles
f a readily oxidizable polymer, such as ones based on butadiene,
re dispersed. The size of the particles will be an issue and, within
imits, can be varied by adjusting mixing conditions and rheological
roperties of the components. Invariably, there will be a distribu-
ion of particle sizes and possibly shapes; however, to simplify the

odel all the particles are considered to be spheres of the same
adius R. Fig. 1 schematically illustrates a cross-sectional view of
uch a blend film. This film is assumed to have had no exposure
o oxygen until ready for use; then at time t = 0 the upstream sur-
ace is exposed to a partial pressure of oxygen, (pO2 )0, where in most
ases this would be air so (pO2 )0 = 0.21 kPa (or 0.21 atm). The down-
tream surface of the film is maintained at a low oxygen partial
ressure, or for simplicity (pO2 )L ∼ 0. Oxygen is assumed to dissolve

n the matrix polymer according to Henry’s law at the upstream
urface
m(0) = Sm(pO2 )0 (1)

here Cm(0) is the concentration of oxygen in the matrix polymer
hase at x = 0 and Sm is the effective solubility coefficient. Oxygen

ig. 1. Schematic illustration of a blend film containing particles of an oxygen-
cavenging polymer in a matrix polymer.
Fig. 2. Schematic illustration of the “shrinking core” model for oxygen diffusion and
reaction within an oxygen scavenging particle.

diffuses in the matrix polymer according to Fick’s law

Flux = −Dm
∂Cm

∂x
(2)

Oxygen is consumed by the oxidizable particles; the kinetics of
this process will be described by the shrinking core model illus-
trated in Fig. 2. Here it is assumed that at any given time each
particle will have a completely oxidized shell, R > r > a, surround-
ing a completely unoxidized core, a > r > 0. This corresponds to the
situation where diffusion through the oxidized particle medium is
slow but the reaction is relatively fast. For a particle located in the
film at position x (see Fig. 1), where the oxygen concentration in
the matrix is Cm(x,t), oxygen will partition into the oxidized surface
according to

Cp(R) = Cm(x, t)
H

(3)

where Cp(R) denotes the dissolved oxygen concentration in the oxi-
dized polymer, H is a partition coefficient given by H = Sm/Sp, and
Sp is the solubility coefficient for oxygen in the oxidized polymer.
A reaction front exists at r = a where oxygen reacts rather rapidly
but according to a finite rate parameter, k, defined subsequently.
The rate of oxygen arriving at this front, r = a, is controlled by oxy-
gen diffusion through the oxidized shell with a diffusion coefficient,
Dp.

A key element of this model is that Cm is assumed to be a con-
tinuously varying function of x only for a given time t. That is, we
do not consider any variations in Cm in the y and z coordinate direc-
tions. Thus, the very complex three-dimensional composition field
around a reactive particle is approximated by a much simpler one-
dimensional problem. It is further assumed that the particles are
sufficiently small that variations in Cm from the leading to the trail-
ing surface of the particle are negligible. These simplifications along
with the “shrinking core” approach for dealing with oxygen con-
sumption within particles make the mathematical aspects of the
model more tractable; however, these are the limitations that must
eventually be tested by experiment and other modeling approaches
before full confidence can be vested in the type of predictions given
here.

This physical picture is developed into a complete mathematical
model in the next section.

3. Mathematical formulation of the model
For any oxygen-scavenging polymer (OSP) particle at an arbi-
trary location, x, in the film, the shrinking core approach suggested
in Fig. 2 considers the reaction to be fast compared to the diffusion
process in the particle shell so that when oxygen reaches the surface
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f the core it reacts immediately. Due to the reaction, the scaveng-
ng material is consumed, and the radius of the reactive core of the
SP decreases with time; meanwhile the shell of reacted material
round the core becomes thicker.

A simple steady-state balance can be used to approximate the
oncentration profile inside the shell of reacted material to yield,

Dp

r2

d
dr

(
r2 dCp

dr

)
= 0 (4)

here Dp is the diffusion coefficient in the oxidized OSP. Integrating
q. (4) twice and applying the boundary conditions shown in Fig. 2,
.e.,

Cp = Cp(R) = Cm(x, t)
H

at r = R,

Cp = Cp(a) at r = a,
(5)

he concentration profile in the shell can be obtained for a given
oncentration Cp(R) at the particle surface is given by

p(r) = Cp(R) − Cp(R) − Cp(a)
(1 − (R/a))

(
1 − R

r

)
(6)

here H is the oxygen partition coefficient between the matrix and
he reacted surface. According to Fick’s law, the radial oxygen flux
ithin the OSP is given by

= −Dp
dCp

dr
= −Dp

Cp(R) − Cp(a)
((R/a) − 1)

(
R

r2

)
(7)

Assuming the rate of reaction is fast relative to the rate of diffu-
ion, the flux of oxygen at the reaction front (r = a) can be equated
o the rate of oxygen consumption at r = a which is approximated
y a simple first order surface reaction. Thus,

Dp
dCp

dr
= −kCp(a) (8)

Combining Eqs. (7) and (8), the concentration of dissolved oxy-
en at the reaction front, Cp(a), can be expressed as

p(a) = Cp(R)
1 + (ka2/DpR)((R/a) − 1)

(9)

The Rate of Oxygen Consumption, ROC, for the single particle can
e calculated as the product of the flux of oxygen and the surface
rea at r = a

OC = 4�a2kCp(a) = 4�a2k
Cp(R)

1 + (ka2/RDp)((R/a) − 1)
(10)

A simple mass balance relates the time profile of the un-reacted
ore radius to the ROC

d
dt

(
�polymer

4�a3

3

)
= −ROC

ˇ
�polymer (11)

here ˇ takes into account the capacity of the particle to consume
xygen when fully oxidized; this parameter is defined as the moles
f oxygen consumed per unit volume of OSP and can be deter-
ined by experimentally measuring the mass uptake of the OSP

lone [39,40]. Combining Eqs. (10) and (11) and simplifying leads
o the following dynamic equation for the radius of unreacted OSP
articles

da

dt
= − kCp(R)/ˇ

1 + (ka2/RDp)((R/a) − 1)
(12)
It must be remembered that Cp(R) is a function of x and t, see Eq.
5); so it is implicitly assumed that this model describes a situation
here the particle boundary condition varies with time.

It is now possible to consider the complete membrane consist-
ng of particles dispersed within the matrix, see Fig. 1. A continuum
ne Science 329 (2009) 183–192 185

approach, assuming that the particles are sufficiently small, numer-
ous, and well dispersed, is used where all properties and variables
are averages over a particular film volume. The transport of oxygen
through the membrane can be described considering the Fickian
diffusion in the matrix and the consumption due to the reaction
within the particle. The latter term can be calculated from the ROC
of a single particle multiplied by the number density, �, of particles
in the film

� = 3�

4�R3
(13)

where � is the volume fraction of particles of radius R. The resulting
diffusion equation is given by

∂Cm

∂t
= Dm

∂2Cm

∂x2
− 3�

R3
· a2 · k · Cm

H
·
[

1 + ka2

RDp

(
R

a
− 1

)]−1

(14)

This equation must be solved simultaneously with the following
equations describing the decrease in the radius of the unreacted
core, a, of scavenging particle for all x and t.

da

dt
=

⎧⎨
⎩ −kCm

ˇH

[
1 + ka2

RDp

(
R

a
− 1

)]−1

for a ≥ 0

0 for a = 0

(15)

This system of equations must be solved for the following initial
and boundary conditions, representing the transient permeation
experiment:

IC : Cm(x, t = 0) = 0, a(x, t = 0) = R (16)

BC : Cm(0) ≡ Cm(x = 0, t) = SmpO2 ,

Cm(L) ≡ Cm(x = L, t) = 0 (17)

The equations can be expressed in a more convenient
non-dimensional form by defining the following dimensionless
variables

C̃ = C

Cm(0)
, x̃ = x

L
, ã = a

R
, t̃ = t

L2/D
(18)

The differential equations plus initial and boundary conditions
become

∂C̃

∂t̃
= ∂2C̃

∂x̃2
− 3�

(Da)�
ε2H

[
ã2

1 + (Da)(ã − ã2)

]
C̃ (19)

IC : C̃(x̃, t̃ = 0) = 0
BC : C̃(x̃ = 0, t̃ > 0) = 1, C̃(x̃ = 1, t̃ > 0) = 0

(20)

dã

dt̃
=

{
−Cm(0)

ˇ

(Da)�
ε2H

[
1

1 + (Da)(ã − ã2)

]
C̃ for ã > 0

0 for ã = 0
(21)

IC : ã(x̃, t̃ = 0) = 1 (22)

where (Da) = kR/Dp is the Damköhler number for the OSP particle,
i.e., the ratio between the time scale of diffusion and the time scale
of reaction, ε = R/L is the ratio of the radius of the OSP and the film
thickness, and � = Dp/Dm is the ratio of the diffusion coefficient of
the OSP to the diffusion coefficient of the film matrix. The term
Cm(0) is the concentration of oxygen in the matrix at the upstream
surface of the membrane and was defined in Eq. (16). Note that the
product Cm(0)/ˇ is dimensionless.

The non-dimensional Eqs. (19) and (21) were solved numeri-

cally using an explicit finite difference method. The equations were
discretized using a three-point central difference for the spatial
derivatives and two point forward difference for the time deriva-
tives. For this problem, the early transient as well as steady-state
behavior are of interest. The numerical solution utilized variable
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Table 1
Range of model parameters of interest.

Parameter Estimated range Base case for
calculations

Ref

L 50–500 �m 250 �m
R 0.5–5 �m 2.5 �m
� 0.05–0.20 0.1

Sm 0.097 cm3(STP)/cm3 mpa
for PET

0.097 cm3(STP)/cm3 mpa [43]

1.9 cm3(STP)/cm3 mpa
for PS

[44]

Dm 5.6 × 10−9 cm2/s for
PET

5.6 × 10−9 cm2/s [43]

1.0 × 10−7 cm2/s for
PS

[44]

Sp Measurements
needed,
probably ∼ Sm

0.098 cm3(STP)/cm3 atm

Dp Estimated to be
∼(1–6) × 10−9 cm2/s

2 × 10−9 cm2/s

k Estimated to be 10−5

to 10−3 cm/s
8 × 10−5 cm/s

ˇ (2.5–10) × 10−3 mol
O2/cm3 OSP

4 × 10−3 mol O2/cm3

OSP
H = Sm/Sp ∼1 1
ε = R/L 10−3 to 50 × 10−3 10−2
86 M.C. Ferrari et al. / Journal of M

ime steps to capture the behavior over the entire time span while
eeping computational times within practical limits. While the
umerical solution was developed in MatLab for convenient matrix
anipulation, it did not rely on any specialized solvers. When there

re no reactive particles in the matrix, the solution should reduce to
he classical transient diffusion in a membrane film; the numerical
esults for the case with no particles was found to be in excellent
greement with the analytical solution given by Crank [41].

The solution of Eqs. (19) and (21) provides space and time pro-
les for the dimensionless oxygen concentration, C̃(x̃, t̃), and the
imensionless radius of the unreacted core of the OSP particles,

˜(x̃, t̃). For barrier applications, it is important to know the time
volution of the oxygen flux and the cumulative amount of per-
eate, Qt, exiting the downstream surface of the barrier film. Both

uantities can be derived from the concentration profile. The flux
s given by

Flux)t ≡ N(x = L, t) = −Dm
dC

dx

∣∣∣
x=L

= −Dm
Cm(0)

L

dC̃

dx̃

∣∣∣∣
x̃=1

(23)

Ñ
∣∣
x̃=1

= (Flux)t

(Flux)ss
= − dC̃

dx̃

∣∣∣∣
x̃=1

(24)

here DmCm(0)/L is the flux at steady state. The cumulative amount
f permeate is given by

t =
∫ t

0

N
∣∣
x=L

dt

= (Flux)ss
L2

Dm

∫ t̃

0

− dC̃

dx̃

∣∣∣∣
x̃=1

dt̃ = (Flux)ss6�0

∫ t̃

0

− Ñ
∣∣
x̃=1

dt̃ (25)

Qt

(Flux)ss�0
= 6

∫ t

0

− dC̃

dx̃

∣∣∣∣
x̃=1

dt̃ = 6

∫ t̃

0

− Ñ
∣∣
x̃=1

dt̃ (26)

here �0 = L2/6Dm is the diffusion time lag for the matrix without
ny OSP. From the dimensionless equations we see that C̃ is a func-
ion of x̃ and t̃ plus the dimensionless parameters �, Cm(0)/ˇ, �, ε,

and (Da). Consequently, (Flux)t/(Flux)ss and Qt/((Flux)ss�0) are
unctions of t̃ and the same dimensionless parameters.

The dimensionless flux presented in the results section was
btained numerically from Eq. (24) using the five-point back-
ard difference at x̃ = 1. The dimensionless oxygen permeate was
btained numerically from Eq. (26) using the trapezoidal rule for
ntegration. Note that the dimensionless time used in the derivation
s defined as t̃ = t/(L2/D); however, for comparison with diffusion
ime scales, all graphs presented in the results section use t/�0 = 6t̃.

. Model parameter ranges

The mathematical model described in the previous section con-
ains numerous parameters, see summary in Table 1, that must
e determined or specified to make the model predictive. These
arameters are discussed here with some selections made for the
urpose of showing example predictions in the next section.

The thickness, L, of typical barrier film or sheet would generally
e in the range 50–500 �m. Based on much experience, one can
xpect that polymer particles dispersed in a polymer matrix pre-
ared by melt compounding and extrusion would have diameters

n the range of 1–10 �m or radii, R, of 0.5–5 �m [42]. The volume
raction, �, of these particles in the blend might be expected to be

ithin the range of 0.05–0.20.

A typical matrix polymer might be poly(ethylene terephthalate),
ET, which is used extensively for conventional barrier applications.
ublished values of Sm and Dm for PET from the literature [43]
re shown in Table 1. Values for polystyrene, which is not such a
� = Dp/Dm 10−2 to 100 2/5.6 for PET
Da = kR/Dp 0.1 to 500 10

good barrier material, are also included in Table 1. As of yet, there
are no reported values of Sp and Dp for butadiene-based polymers
(the oxygen-scavenging polymer of interest here) in the fully oxi-
dized state. Since the fully oxidized material is hard and glassy,
one could expect Sp to be similar to Sm. Efforts are underway cur-
rently to evaluate Sp, Dp and k from oxygen uptake experiments like
those recently published [39,40]; an analysis of such data will be
the subject of a forthcoming publication. For now, Table 1 includes
some preliminary estimates of the ranges of Dp and k from this
type of analysis. The parameter ˇ characterizes the ultimate oxy-
gen scavenging capacity of the butadiene-based polymer, which
has been found experimentally to be in the range of 8–32% by
weight. The values of ˇ in Table 1 reflect this range in the units
shown.

The physical parameters described above were used to estimate
the range of values the various dimensionless groups in the model,
see Eqs. (18)–(22), might be expected to have. Table 1 also lists a
“base case” set of parameters that will be used in the next section
to illustrate the model predictions; this case considers PET as the
matrix and uses mid-range values of the geometrical parameters.
Some of the calculations shown later illustrate the effects of varying
some of these parameters from the base case.

For reference, the diffusion time lag for a PET film with a
thickness of 250 �m without scavenging particles would be �0 =
(L2/6Dm) ∼ 5.2 h. For polystyrene, �0 at this thickness would be
only 0.3 h.

It should be noted that in this model, the physical effects of the
particles on the oxygen diffusion process has been ignored. In the
extreme case, the particles might be considered impermeable in
which case Maxwell’s equation [45] would predict the following
relationship between the steady-state permeability of the blend,
Pblend, to that of the matrix, Pm
Pblend

Pm
= 1 − �

1 − �/2
(27)

which for � = 0.2 amounts to about an 11% reduction for the blend.
This is of no consequence for the current considerations.
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. Example calculations

In this section, numerical calculations made using the proce-
ures described are shown to illustrate the predictions of the model
eveloped above. The model involves a considerable parameter
pace so the strategy here is to use the “base case” values listed
n Table 1 and then systematically explore the trends produced by
arying each parameter individually within the “estimated range”
hown in Table 1; however, it is instructive to examine cases when
he rate parameter k is outside this range.

Fig. 3 explores the effect of varying the loading of oxygen-
cavenging polymer in a matrix of poly(ethylene terephthalate) or
ET. Fig. 3(a) shows results in terms of the dimensionless cumula-
ive amount of oxygen exiting the downstream surface of the film
ersus dimensionless time (defined here as t/�0) for several values
f � all plotted on arithmetic coordinates. After an initial transient
eriod, a linear asymptote is approached which can be extrapolated
o the time axis to define the time lag � with scavenging. Note that

cavenging extends the time lag by several thousand-fold. However,
uch plots do not give a full picture of what is happening for times
ess than �; as explained earlier, the “leakage” through the film for
< � is of great interest. To see this, it is useful to plot the oxygen flux

ig. 3. Predicted transient permeation behavior for a blend film containing various
olume fractions of oxygen-scavenging polymer shown as (a) cumulative amount of
xygen and (b) flux of oxygen exiting the downstream film surface. All parameters
et at base case values (see Table 1) except for � as noted.

Fig. 4. Predicted transient permeation behavior for a blend film containing various

volume fractions of the oxygen reaction capacity of the oxygen-scavenging polymer
shown as (a) cumulative amount of oxygen and (b) flux of oxygen exiting the down-
stream film surface. All parameters set at base case values (see Table 1) except for ˇ
as noted; ˇ is given in units of millimoles O2/cm3 OSP.

exiting the film normalized by the steady-state value on a logarith-
mic scale versus time, also on a dimensionless logarithmic scale, as
shown in Fig. 3(b). In this case, the fluxes for times t < � are at least
10−4 times smaller than the steady-state values. However, as seen
later, this may not always be the case.

Fig. 4 shows analogous plots as in Fig. 3 where ˇ is varied rather
than �. Increasing the capacity of the oxygen-scavenging polymer
to take up oxygen for a fixed loading � = 0.10 by increasing ˇ has
somewhat similar effects as increasing �.

Interestingly, the asymptotic solutions illustrated in Fig. 3(a) and
Fig. 4(a), and consequently �, are independent of the kinetics of the
scavenging reactions and all the parameters that affect the rate of
reaction. Thus, �/�0 depends only on the capacity to absorb oxygen,
� and ˇ, and the solubility of oxygen in the polymer matrix or Cm(0).
As shown in the Appendix, the method of Frisch [46] can be used
to develop the following analytical expression for �/�0
�

�0
= 1 + 3ˇ

Cm(0)
(28)

Siegel and Cussler [24] developed an analogous relationship for
a somewhat different scavenging model.
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Fig. 5 shows how the time lag relative to the case of no scaveng-
ng depends on � and ˇ for PET (part a) and PS (part b) matrices
alculated by numerical solution of the model described above;
hese values of �/�0 are in excellent agreement with those calcu-
ated by Eq. (28). These plots are linear and could be collapsed into

aster plots for all matrix polymers using the dimensionless ratio
m(0)/ˇ rather than ˇ as the parameter, as predicted by Eq. (28).
ote that owing to the lower solubility of oxygen in PET than PS,

ee Table 1, the extension of the time lag caused by scavenging is
reater for PET than PS by almost a factor of two. Of course, what
appens during the times less than � can be critically dependent on

actors affecting the rate of oxygen consumption. This is the main
ocus on what follows.

Fig. 6 shows responses for the base case as the reaction rate
arameter k is varied in a range of values much lower than what pre-

iminary experiments suggest would be reasonable. For this case,
/�0 ∼ 1250 and all the plots of the cumulative amount of oxygen
xiting the film downstream surface versus time would eventu-

lly approach a single asymptote, except of course, for the case
f no scavenging (k = 0). Clearly, the approach to this asymptote
epends strongly on k. This “leakage” is better seen by examin-

ng the flux versus time using logarithmic scales. Such flux plots,
ee Fig. 6(b), show two rapid rises; the first occurs at times of the

ig. 5. Predicted extension of the transient permeation time lag, �, caused by scav-
nging as function of � and ˇ for (a) poly(ethylene terephthalate) and (b) polystyrene
s the matrix polymer. All parameters set at base case values (see Table 1) except as
hown.

Fig. 6. Predicted transient permeation behavior for a blend film for different values

of the oxygen scavenging rate parameter shown as (a) cumulative amount of oxygen
and (b) flux of oxygen exiting the downstream film surface. All parameters set at
base case values (see Table 1) except for k as noted.

order of �0 and the second at times of order of � with a plateau
region between these limits. The value of the flux relative to the
steady-state case is lower the larger the value of k, i.e., the faster
the scavenging reaction. Note that these plateaus are only seen
for values of k that are at least an order of magnitude less than
the expected range listed in Table 1. Of course, whether a plateau
is seen or not depends on the lower limit chosen for the flux
scale, which has been set at 10−4 here. Similar plateaus would be
seen in Figs. 3(b) and 4(b) had this limit been set at lower val-
ues.

Fig. 7 shows for the base case, on a more expanded time scale
near t ∼ � and beyond, how the size of the oxygen-scavenging poly-
mer particles, R, affects the flux of oxygen exiting the film. For a
given time, the flux increases as the particles become larger owing
to the coupling of mass transfer within the particle with the reac-
tion, see Fig. 2. Clearly, there is some advantage to having the OSP
finely dispersed in the matrix polymer.

Fig. 8(a) shows for the base case how varying the overall film

thickness, L, affects the dimensionless flux at a given dimension-
less time. Interestingly, the dimensionless flux becomes larger as
the film becomes thinner. In simple terms, the time scale for dif-
fusion is proportional to L2 but the time scale for reaction does
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Fig. 7. Predicted effect of oxygen-scavenging polymer particle radius on the flux of
oxygen exiting the blend film. All parameters set at base case values (see Table 1)
except R as noted.

Fig. 8. Predicted effect of blend film thickness on oxygen flux exiting the down-
stream surface for (a) k = 8 × 10−5 cm/s (note expanded time scale) and (b)
k = 5 × 10−7 cm/s. All other parameters set at base case values (see Table 1) except L
as noted.
Fig. 9. Predicted effect of diffusion coefficient in the oxidized layer of the oxygen
scavenging particle on the oxygen flux exiting the downstream surface of the blend
film. All parameters set at base case values (see Table 1) except for Dp as noted.

not depend on L; thus, for thinner films there is less time for the
scavenging reaction to occur before oxygen breakthrough. How-
ever, in interpreting these dimensionless plots it is important to
remember that (Flux)ss ∼ L−1 and �0 ∼ L2. As the value of k becomes
lower the extent of “leakage” in the time range �0 < t < � relative
to (Flux)ss becomes more significant and strongly dependent on
L as illustrated in Fig. 8(b) for k = 5 × 10−7 cm/s for various val-
ues of L with all other parameters corresponding to the base
case. The effect on the absolute flux leakage is even greater since
(Flux)ss ∼ L−1.

The effect of the diffusion coefficient within the oxidized layer of
the butadiene containing particles, Dp, over the expected range of
values (2–6) × 10−9 cm2/s, see Table 1, turns out to be very small as
illustrated in Fig. 9 where the dimensionless flux is plotted versus
an expanded time scale in the vicinity of �. Reducing the values of
Dp by and order of magnitude to 2 × 10−10 cm2/s produces a more
noticeable effect, as seen in Fig. 9. Overall, Dp is not a very influential
parameter in the barrier performance of blend films as represented
by this model.

As a final issue, the effect of varying the matrix polymer is
explored by comparing the performance of films based on PS versus
PET as the matrix; all the parameters are kept the base case values
given in Table 1 except for changing Sm and Dm to the values for
PS. Because of the higher oxygen solubility in PS, the dimensionless
time lag �/�0 is smaller for PS than PET, see Fig. 10(a); of course,
because of the higher Dm of PS than PET, the value of �0 is about
18 times smaller for PS than PET. Considering the effect of both Sm

and Dm, the absolute value of � for PET is about 37 times that of
PS. Furthermore, the slope of the dimensionless flux–time plots for
PET is much steeper than for PS in the region of �, see Fig. 10(b).
PS is prone to show greater “leakage” permeation in the region t < �
than PET.

The effects illustrated quantitatively above by actual numerical
solution of the model equations can be understood qualitatively,
within certain limitations, by examining the scavenging terms in
the model, i.e., the last term in Eq. (19) and Eq. (21) for ã < 0. As seen
earlier, �/�0 is a function of � and Cm(0)/ˇ only, and they affect the
outcome in opposite directions. Increasing Cm(0)/ˇ, which appears

only in Eq. (21) accelerates the rate of change of the shrinking core
radius, a, and results in a decrease of �/�0. Conversely, increasing
�, which appears only in Eq. (19), accelerates the rate of change of
the oxygen concentration, C̃, and results in an increase of �/�0. The
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Fig. 10. Comparison of predicted transient permeation behavior for poly(ethylene
terephthalate) versus polystyrene as the matrix polymer shown as (a) cumula-
tive amount of oxygen and (b) flux of oxygen exiting the downstream surface of
b
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(Da)�
ε2H

= kR
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L2

R2

1
H

= kL2

RDmH
= (Da)eff (29)

here (Da)eff is an effective Damköhler number, appears in both
qs. (19) and (21) and plays a dominant role in the extent of leakage
ux prior to reaching the asymptotic steady-state flux. However,
he first defined Damköhler number, (Da), appears in the variable
erm in braces, and plays a more limited role since it is damped
y the (ã − ã2) term. In general, the extent of leakage flux prior to
eaching the asymptotic steady-state flux can be reduced by making
hoices (materials, formulation, and geometry) that maximize the
erm �(Da)eff.

. Summary and conclusions
A model has been developed for predicting the oxygen barrier
ehavior of a blend film containing particles of an oxygen-
cavenging polymer, e.g., polymers containing butadiene segments,
ispersed in a matrix polymer. It is assumed that the oxygen scav-
ne Science 329 (2009) 183–192

enging by the particles can be described by a “shrinking core” model
while the diffusion of oxygen in the matrix can be approximated as
a function only of the coordinate axis in the thickness direction
and of time. The model equations have been solved numerically for
the cases where the matrix polymer is either poly(ethylene tereph-
thalate) or polystyrene for values of the geometric and physical
parameters that are believed to be realistic in order to show how
barrier behavior is affected by each one. Scavenging extends the
time lag, �, for transient permeation by a factor that depends only
on the loading of the oxygen-scavenging polymer and its capacity
to consume oxygen relative to the capacity of the matrix poly-
mer to dissolve oxygen; the time lag can easily be extended by
factors of thousands. However, for demanding applications like
displays based on organic light-emitting diodes, the flux of oxy-
gen exiting the downstream surface of the film on time scales of
the order of � and less may be the limiting criteria for the utility
of this technology. This model was used to estimate this leak-
age flux for t < �, which depends on the factors that affect the
rate of oxygen consumption relative to the rate of oxygen diffu-
sion and can be summarized in terms of an effective Damköhler
number.

Future work will focus on more detailed analysis of the kinetics
of oxygen scavenging by polymers based on butadiene experimen-
tal validation of the current model for blend films, and extension
of this approach to barrier materials using layered polymer films.
Longer range, it would be important to consider scavenging con-
cepts for other species like water and carbon dioxide.
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Appendix A

The time lag for the blend film modeled in this paper can be pre-
dicted analytically by adapting the asymptotic analysis developed
by Frisch [46] for diffusion time lag, and more recently employed by
Siegel and Cussler [24] for prediction in reactive membrane films.

Combining and rearranging dimensionless Eq. (19) for concen-
tration and (21) for radius ã > 0 gives

∂C̃

∂t̃
− 3�ˇ

Cm(0)
ã2 dã

dt̃
= ∂2C̃

∂x̃2
(A.1)

Integrating Eq. (A.1) from an arbitrary position along the film, x̃,
to 1 gives∫ 1

x̃

[
∂C̃

∂t̃
− �ˇ

Cm(0)
∂ã3

∂t̃

]
dy = ∂C̃

∂x̃

∣∣∣∣
1

− ∂C̃

∂x̃
(A.2)

Integrating again in space, now from 0 to 1 gives

1∫
0

∫ 1

x̃

[
∂C̃

∂t̃
− �ˇ

Cm(0)
∂ã3

∂t̃

]
dy dx̃ = ∂C̃

∂x̃

∣∣∣∣
1

1∫
0

dx̃ −
1∫
0

∂C̃

∂x̃
dx̃ (A.3)

Note that double integrals on the left hand side can be simplified
to a single integral, by reversal of the integration order. Simplify-
ing the left hand side and evaluating the right hand side, Eq. (A.3)
∫ 1

0

x̃

[
∂C̃

∂t̃
− �ˇ

Cm(0)
∂ã3

∂t̃

]
dx̃ = ∂C̃

∂x̃

∣∣∣∣
1

− C̃(1, t̃) + C̃(0, t̃) = ∂C̃

∂x̃

∣∣∣∣
1

+ 1

(A.4)
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Integrating Eq. (A.4) over time results in the following

t̃

0

∫ 1

0

x̃

[
∂C̃

∂t̃
− �ˇ

Cm(0)
∂ã3

∂t̃

]
dx̃ dt̃ =

∫ t̃

0

∂C̃

∂x̃

∣∣∣∣
1

dt̃ +
∫ t̃

0

dt̃ (A.5)

The time lag is determined at steady state, so the next steps
valuate each term as time goes to infinity. At steady state, the con-
entration profile becomes linear and the radius, a, of the core of
very oxidized particle approaches 0, except at the downstream
oundary. Using the cumulative oxygen permeate defined in Eq.
26) and evaluating each term, Eq. (A.5) becomes

1

0

x̃(1 − x̃) dx̃ + �ˇ

Cm(0)

∫ 1

0

x̃ dx̃ = − Qt,ss

6(Flux)ssCm(0)
+ t̃ (A.6)

1
6

+ 1
2

�ˇ

Cm(0)
= − Qt,ss

6(Flux)ss�0
+ t̃ (A.7)

The time lag is determined by finding the point where the
teady-state asymptote of the cumulative permeate crosses the
ime axis, i.e., by setting Qt,ss = 0 in Eq. (A.7), to get

= �0

(
1 + 3�ˇ

Cm(0)

)
. (A.8)

Nomenclature

a radius of the unreacted core, see Fig. 1
Cm oxygen concentration in matrix polymer
Cp oxygen concentration in oxidized scavenging poly-

mer
Da Damköhler number
Dm diffusion coefficient for oxygen in matrix polymer
Dp diffusion coefficient for oxygen in oxidized scaveng-

ing polymer
H partition coefficient, Sm/Sp

k oxidation rate parameter
L film thickness
pO2 oxygen partial pressure
P oxygen permeability coefficient
Qt cumulative amount of oxygen permeate
R scavenging polymer particle radius
Sm solubility coefficient for oxygen in matrix polymer
Sm, Sp solubility coefficient for oxygen in oxidized scaveng-

ing polymer
t time
x position in film
∼ denotes dimensionless variables (see Eq. (18))

Greek letters
ˇ oxygen scavenging capacity, moles O2/cm3 OSP
� Dp/Dm

ε R/L
� volume fraction of scavenging polymer
� time lag with scavenging
�0 time lag without scavenging
�polymer density of scavenging polymer
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