
LOGIC, ARITHMETIC, AND AUTOMATA^) 

By ALONZO C H U R C H 

This paper is a summary of recent work in the application of mathematical 
logic to finite automata, and especially of mathematical logic beyond 
propositional calculus. 

To begin with a sketch of the history of the matter, let us recall that appli
cation of the "algebra of logic", i.e., elementary Boolean algebra, to the 
analysis of switching circuits was first suggested by Ehrenfest [A]. Nothing 
came of Ehrenfest's remark for many years, and it seems to have remained 
wholly unknown outside of Russia. Yanovskaya [G] says that details of the 
suggested application were worked out by Shestakoff in 1934-35. However, 
Shestakoff's candidate's dissertation, embodying the material, was presented 
to the University of Moscow in 1938, and the earliest publications by Shesta
koff are [D] and [E] in 1941. Meanwhile the same idea had occurred inde
pendently to Nakasima and Hanzawa [B] and Shannon [C]. For some time 
the development of the idea proceeded independently in Russia, in Japan, 
and in the United States, the three lines of development having had at first 
no influence on one another. 

This use of Boolean algebra is now widely familiar, and therefore requires 
no elaboration here. I t is usually taken to be a Boolean algebra of cardinal 
number 2 that is used, although the character of the application would 
more naturally suggest propositional calculus. Use of the Boolean algebra 
and of propositional calculus are equivalent in a way that is well known. 
The choice of Boolean algebra is advantageous if algebraic methods and 
results are to be employed. But otherwise there is a certain artificiality in 
allowing only equations and inequalities to be asserted. And for further 
application of mathematical logic, the choice of propositional calculus 
provides a better basis. 

Mathematical logic beyond propositional calculus is first applied to autom
ata theory in the paper of McCulloch and Pitts [16], in which the context 
is biological. The authors are concerned with analyzing the behavior of a 
net of neurons and with the question of the existence of, and of finding, 
a neural net having some specified behavior. But their hypotheses about the 
behavior and the interaction of neurons are such that these questions be
come entirely similar to coiresponding questions about electronic digital 
computing circuits. The relevance of the ideas of McCulloch and Pitts to the 
theory of digital computing circuits was noticed by John von Neumann, 
and it was evidently this that led him to suggest application of mathematical 
logic to the latter. 

The only published reference to von Neumann's contribution to the matter 
is Hartree [13], where not only McCulloch and Pitts but also unpublished 
suggestions of both von Neumann and A. M. Turing are referred to. I am 
indebted to H. H. Goldstine for calling my attention to the privately cir-

(1) For support of the work represented by this paper the author is indebted to the 
National Science Foundation of the United States. 



2 4 A. CHTTBCH 

culated paper, von Neumann [18], in which there is some detailed discussion 
of the relationship between the MeCulloch-Pitts neural nets and digital 
computing networks, but without use of mathematical logic. 

The logical system employed by McCulloch and Pitts is first-order arith
metic. Both ordinary and bounded quantifiers are used, but not definition 
by recursion. 

Hartree uses a singulary free-variable functional (or "predicate") calculus, 
having singulary predicates and numerical variables, but neither quantifiers 
nor recursions. There is a "delay operator" in the sense that not only a 
variable t but also t + l,t+2, etc., may appear as argument of a predicate. 

The use of (in effect) such a singulary free-variable functional calculus 
also developed independently in Japan. The earliest paper that I have seen 
is Goto [12]. But it is possible that some of the earlier papers to which 
Goto refers may constitute at least a partial exception to the statement 
made above, that the first application of mathematical logic beyond propo
sitional calculus was by McCulloch and Pitts. 

The use of recursions in the treatment of circuits is found in Berkeley 
[1], and more explicitly in Burks and Wright [5]. The idea that a particular 
circuit or finite automaton can be completely characterized by giving a set 
of recursion equations—or in this context, since the functions "defined" 
by the recursions are propositional functions, we shall speak rather of recur
sion equivalences—appears first in the paper of Burks and Wright, but 
these authors do not have a recursion schema to which admissible recursions 
must conform. 

The application of restricted recursive arithmetic to automata was in
troduced in Church [6] and [7]. This system may be described as obtained 
from singulary free-variable functional calculus by adding a rule of proof by 
mathematical induction and a rule of definition by recursion, as given below. 
I t is therefore a specialized form of the recursive arithmetic of Skolem [19]. 

An abstract definition of finite automaton appears in Kleene [14], a paper 
of restricted circulation, and in Kleene [15], which is the published form of 
the same paper. The "logical nets" of Burks and Wright [5] may also be 
regarded as providing such a definition. But Kleene's definition is more 
satisfactory, and we shall here use it in the following slightly modified and 
generalized form. 

A finite automaton consists of a finite number of elements, each of which 
is capable of a finite number, <n, of different states. Time is measured in 
discrete instants, $=0,1,2,..., beginning at an initial instant and extending 
indefinitely. The elements are distinguished as input elements, intermediate 
elements, and output elements. The states of the input elements, at any in
stant, constitute the input state, at that instant; the states of the output 
elements, at any instant, similarly constitute the output state; and the states 
of the intermediate and output elements constitute the internal state. Except 
the input elements, whose states are imposed from outside, the state of 
any element at a given instant is completely determined, in some non-
circular way, by (1) the states of certain other elements at the given instant, 
and (2) the states of certain elements, itself and others, at instants which 
precede the given instant by at least 1 and by not more than a certain 
fixed maximum span h + 1. 

(More fully, the foregoing statement is a definition of "discrete synchro
nous deterministic finite automaton with outputs." But the longer phrase 
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is for the sake of distinction from a number of other notions with which we 
are not here concerned, and let us therefore say simply "finite automaton" 
or "automaton".) 

Though there is a certain loss of structure in doing so, it is quite usual 
to take n=2, h=0. In this lecture we shall take n=2, in order to identify 
the two states of an element with the two truth-values, T and F. But we 
preserve a general value of h, > — 1. 

It is also possible to abstract from the elements of the automaton and to 
consider only certain numbers called input states, output states, and in
ternal states, and the way in which the successive output states and internal 
states are determined by the input states. Namely there are to be a finite 
number each, >1, of input states, output states, and internal states; the 
output state at any instant is to be uniquely determined by the internal 
state at the same instant; and the internal state at any instant is to be 
uniquely determined by (1) the input state at that instant and (2) the input 
states and the internal states at instants preceding the given instant by 
not more than h + 1 . In this case we have a finite transition system. 

In either case, automaton or transition system, the sequence of input 
states from t=0 to t=t0 is called an input sequence, and the sequence of 
output states from t=0 to t=t0 is called an output sequence. The function 
which, for an input sequence from t=0 to t=tQ, as argument, has as value 
the output state at t=t0 is the behavior function. The null sequence is also 
to be counted as an input sequence, but one for which there is no corre
sponding output state and hence no value of the behavior function. 

Two automata, or two transition systems, are said to be equivalent if 
they have the same behavior function. Evidently, two automata are equiv
alent if and only if their transition systems are equivalent. In particular, 
two automata with the same transition system are equivalent—but they 
do not necessarily have the same structure, in an obvious sense of that word. 

A class of input sequences is an event. 
An event is represented by an automaton if the set of values of the be

havior function for input sequences that belong to the event is disjoint 
from the set of values of the behavior function for other input sequences. 

The foregoing (together with the definition of regularity of an event, to 
be given below) are the essentials of the terminology of automata theory 
which we shall need. I t should be added that the terminology in the field 
is not in a very settled state, and our terminology here is somewhat eclectic. 
We have followed Buchi [2] in adopting a terminology that maintains the 
distinction between automaton and transition system. 

We turn now to statement of the primitive basis of restricted recursive 
arithmetic. And for expository convenience we adopt a formulation which 
emphasizes brevity of statement rather than economy of primitives. 

The primitive symbols of restricted recursive arithmetic are as fol
lows: 

i. Numerical variables t, x,y,z,... (having the natural numbers as their 
range). 

ii. The symbol 0 for the number zero. 
iii. The accent ' as a notation for successor (of a natural number). 
iv. Singulary primitive predicates tint's» •— (The primitive predicates, 

and other singulary predicates introduced by recursion," are to be under
stood as denoting propositional functions of natural numbers.) 
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v. Parentheses ( ) as notation for application of a singulary propositional 
function to its argument. 

vi. The letters T and F to denote the truth-values, truth and falsehood 
respectively. 

vii. Connectives of propositional calculus (any sufficient set), and brackets 
[ ] for use in connection with them. 

Then a term consists of the symbol 0, or the symbol 0 followed by any 
number of accents, or a numerical variable, or a numerical variable followed 
by any number of accents. 

An elementary formula consists, either of one of the letters T or F, or of a 
singulary predicate followed by a term between parentheses. 

Further well-formed formulas are constructed from the elementary for
mulas by means of connectives of propositional calculus. (We may sometimes 
abbreviate "well-formed formula" as "wff"; or we may say simply "for
mula" if well-formedness is clear from the context.) 

The primitive rules of restricted recursive arithmetic are the five follow
ing: 

1. To assert any formula that is tautologous according to laws of proposi-^ 
tional calculus. 

2. From A D B (as major premiss) and A (as minor premiss) to infer B. 
3. From any asserted formula to infer the result of substituting any term 

for any numerical variable throughout. 
4. From S(t) 3 S(t') (as major premiss) and S(0) (as minor premiss) to 

infer S(t). 
5. A rule of "definition" (or better, introduction) by recursion, allowing 

us at any stage to introduce new predicates in accordance with the schema 
of wider restricted recursion as given below. 

Rules 2, 3, and 4 are, in order, the rule of modus ponens, the rule of substitu
tion, and the rule of mathematical induction. 

In Rule 4, S(t) is not necessarily an elementary formula, but is any asser-
tible wff; S(£') is the result of substituting t' for t throughout S(t); and S(0) 
is the result of substituting 0 for t throughout S(£). 

The schema of "wider restricted recursion" referred to in Rule 5 is as 
follows: 

^(7) = P ì ; [ M 0 ) > S 2 ( 0 ) > - - ^ ^ 

r l ( H » + l)EQ1[B1(«),B |(fl,...,^),Bi(*+l),fl,(( + l ) flfc(* + l ) , %(« + * + 
l),fl1(*+A + l)>...,^(*+A + l),r1(0>r1(0,...,rBW>r1(« + l)> 

r2(e+l),...,rn(« + l),...,...,r1(f + A),r2(f+A),...,rn(«+A)] 

Here i = l,2,...,n and j=0,l,...,h, so that the schema consists of (h + l)n 
equivalences altogether. The new predicates introduced by the recursion 
are r^Tg, ...,rn, which may be any n new letters not previously used; and 
s1,s2,...,sfc are given predicates, which may be either primitive predicates 
or predicates which were introduced in previous recursions. For convenience 
in indicating the form of the equivalences, t +1 has been written in place of 
what should properly be written as t', t+2 in place of t", and so on; thus, 
e.g., t+h indicates a letter t with h accents after it. Similarly, 1 has been 
written in place of 0', 2 in place of 0", / in place of a 0 with j accents after it. 
Then finally the device has been adopted of indicating the elementary 
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parts of a wff, other than the elementary parts T and F, by writing them in 
brackets. Thus, e.g., 

Pi2[si(0),s2(0),...,sfc(0^^ 

indicates a wff P12 that is built up by means of connectives of propositional 
calculus from some or all of the elementary formulas s1(0),s2(0),...,sfc(0), 
s ^ O ' ) ^ ^ ) , . . . ^ ^ ) , ^ ^ ) ^ ^ ) , . . . ^ ^ ) ^ , ^ . 

Now in order to represent the action of a given automaton by means of 
restricted recursive arithmetic, we may use a different predicate to corre
spond to each element of the automaton—primitive predicates i1}f2,... for 
the input elements, and other letters as convenient for the remaining 
elements. Normally we shall use o1,o2,... for the output elements. 

If p is the predicate that corresponds in this way to the element e of the 
automaton, then p(£) is to denote the state of e at time t. Thus p(0) denotes 
T or F according as the state of the element e at time 0 is T or F, p(l) 
denotes T or F according as the state of the element e at time 1 is T or F, 
and so on. And p(£) may therefore be understood as asserting that the 
element e is in state T ("is operated," or the like) at time t. 

The action of the automaton is then expressed by writing a set of recur
sion equivalences in the form of one or more wider restricted recursions, 
constituting definitions by recursion of the intermediate and output predi
cates (i.e., the predicates that correspond to intermediate and output 
elements), in terms of the input predicates ix,i2i---,i^- Given a particular 
automaton, and the specific rule by which the state of each element at 
any instant is determined from the states of that element at preceding 
instants and the states of other elements at the same and preceding instants, 
the corresponding set of recursion equivalences that characterizes the autom
aton is then uniquely determined. And conversely, given a set of recursion 
equivalences of the kind just described, there is then a unique corresponding 
automaton. 

The one-to-oneness of the correspondence between automata and sets of 
recursion equivalences has been secured by adopting a restricted form of 
recursion schema. This does not mean any restriction upon the kinds of ele
ments that are available—instead there is an assumption that elements of 
arbitrary kind are available, within the general definition of automaton as 
given above, and if we wish a limitation to elements of special kind (e.g. 
to "and" elements, "or" elements, "not" elements, and one-unit delay 
elements), it is necessary to impose further restrictions on the recursion 
schema. But the restrictions which are involved in the schema of wider 
restricted recursion, as compared to the recursion schema which would be 
natural if we did not have the application to automata in mind, are dictated 
rather by two general principles of causality which may be stated briefly 
as follows: (I) No direct causal action of the future upon the present. (II) 
No direct causal action of the remote past upon the present. The question, 
how far back into the past is to be regarded as the immediate rather than 
the remote past, has an answer in the span h + l, which serves as a measure 
of this. 

Two sets of recursion equivalences of the kind here in question are called 
equivalent if the corresponding automata are equivalent. Evidently this 
notion may have a direct definition, in terms of the recursion equivalences 
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themselves rather than the corresponding automata, provided that some 
subset of the predicates, not including any of the input predicates il3i2, -,iu 

is designated as output predicates. Hence we may state: 
THE SIMPLIFICATION PROBLEM. Given a set of recursion equivalences of 

the kind here in question, to find one equivalent to it, which has a specified 
form, corresponding to a limitation to elements of special kind from which 
the automaton is to be constructed, and which is simplest in some suitable 
sense of simplicity. 

The definition of simplicity adopted will evidently depend on the kinds 
of elements which are regarded as available to construct the automaton, 
and perhaps on some weighting of them. Thus there is properly not one 
problem but many. But little has been done with the simplification prob
lem for automata, except in the case of combinational circuits, i.e., autom
ata for which the span h +1 is 0, where only propositional calculus is requi
red for the treatment. 

In the case of transition systems it is natural to characterize simplicity 
as minimizing the number of internal states. This has often been followed. 
But it is clear that such minimization of the number of internal states will 
be at most a necessary condition of simplicity of a corresponding automaton, 
and the relevance to the simplification problem for automata is therefore 
uncertain. 

Both the decision problem and the synthesis problem for automata involve 
a condition which the automaton is required to satisfy, and which we shall 
call the synthesis requirement. The synthesis requirement must be stated in 
some formalized language L, and we shall in this context suppose that L 
is either restricted recursive arithmetic itself or an extension of restricted 
recursive arithmetic obtained by adjoining additional notations—such as, 
e.g., the binary predicate = , the sign + of addition, the quantifiers—together 
with rules for them. Then we may state the two problems as follows: 

THE SYNTHESIS PROBLEM. Given as synthesis requirement a wff of L, 
containing the input predicates il9i2, ...»^ and the output predicates ol9o2,..., 
ov, to find definitions by recursion of ol9o2, —9ov, and any number of inter
mediate predicates, from i1}i2,...,iß, in the form of one or more wider 
restricted recursions, such that the synthesis requirement is satisfied in
dependently of what particular propositional functions are denoted by 
il9i29...9i^. Or if the given synthesis requirement is impossible in the sense 
that there is no automaton, and no set of recursion equivalences that 
satisfies it, this fact is to be ascertained. 

THE DECISION PROBLEM. Given as synthesis requirement a wff of L, as 
before, and given a proposed solution of the synthesis problem in the form 
of a set of recursion equivalences (by wider restricted recursion), to deter
mine whether the synthesis requirement is in fact a consequence of the 
recursion equivalences. 

Both the synthesis problem and the decision problem may be divided into 
cases, according to the form of the synthesis requirement, or the language 
L in which it is expressed. Solution of any case of the synthesis problem 
implies, a fortiori, solution of the corresponding case of the decision problem, 
because a decision problem may always be turned into a synthesis problem 
by including the given recursion equivalences as a part of the synthesis 
requirement. 

Existing results in regard to the synthesis problem and the decision 
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problem are summarized in the following table. But it should be emphasized 
that the indicated synthesis algorithms and decision algorithms are by no 
means always of practicable length. 

(läse 1 

Case 2 

Case 3 

Case 4 

Case 5 

Synthesis requirement 
expressed in restricted 

recursive arithmetic 

with one numerical 
variable only 

with any number of 
numerical variables 

plus quantifiers 

plus = and < 

plus + , = , and quan
tifiers 

Synthesis 
problem 

Solved in [7] 

Solved in [7] 

Partial solution in [7] 

Incomplete sketch of 
solution in [7], prop
erly an open problem 

Proved unsolvable [4] 

Decision 
problem 

Solved in [11] 

Solvable by the meth
od of [11] 

Solved in [7] 

Solution is a conse
quence of [23]. 

Open 

Case 1 of the decision problem was solved by Joyce Friedman [11], the 
earliest result. The problem of determining the equivalence of two automata 
which are both given by means of recursion equivalences in the form of 
wider restricted recursions can be formulated as a subcase of Case 1 of the 
decision problem, and is therefore covered by Miss Friedman's solution. Her 
method is also immediately applicable to solution of Case 2 of the decision 
problem, as pointed out by McNaughton in his review. 

Case 1 of the synthesis problem was first solved by me. A modification 
of the synthesis algorithm, by which it is substantially shortened, was then 
Nuggested by J. B. Wright, and this is incorporated in the solution as given 
in [7]. A subcase of this case of the synthesis problem was also solved inde
pendently by Wang [22], without recognizing the relationship to recursive 
arithmetic. 

The unsolvability of Case 5 of the synthesis problem is, of course, in the 
iiHual sense, that there is no uniform effective procedure which can be given 
once for all and by which alone every instance of this case can be solved. 

A variety of cases of the synthesis problem and of the decision problem, 
intermediate between Case 2 and Case 5, immediately suggest themselves 
as being still open. We may, for example, adjoin the sign of addition, + , to 
restricted recursive arithmetic. Or we may adjoin the sign + and the binary 
predicate = to restricted recursive arithmetic; or, as would be equivalent 
to this, we may adjoin the ternary predicate S, as sign of the ternary rela
tion of addition. Other possibilities are restricted recursive arithmetic plus + 
and quantifiers; or plus = and quantifiers; or plus < and quantifiers. Or, as 
Huggested by Buchi [2], we may consider adjoining singulary predicate-
variables and quantifiers for them. 

If to restricted recursive arithmetic we adjoin a sign of addition and a sign 
of multiplication and the sign = (of equality) and quantifiers, we obtain a 
formalized language which includes first-order arithmetic as a part. I t 
follows that the decision problem (Entscheidungsproblem), and hence a 
fortiori the synthesis problem, is then unsolvable—cf. [4]. 
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Turning now to matters less closely related to recursive arithmetic, we 
introduce the definition of "regularity of an event" in the sense of Kleene, 
employing for this purpose the "regular-expression language" of McNaugh-
ton and Yamada [17]. We follow the original notation of McNaughton and 
Yamada, except that we change their ~ to a —, out of reluctance to confuse 
notations of propositional calculus and of class calculus. 

We suppose that there are m + 1 input states, of an automaton under 
consideration, and let them be represented by the numbers 0,1,...,m. We 
use (k) as a notation for the unit class of the input sequence which consists 
of the single input state k. Or, when convenient, and especially if m < 9, the 
parentheses enclosing the numeral k may be omitted as an abbreviation. 

The notations U , PI, —, and A are employed with their usual set-theo
retic meanings, i.e., for union of classes, intersection of classes, complement, 
and null class respectively. The notation <£ is employed for the unit class of 
the null sequence. 

If a and 6 are events, then a'b (abbreviated when convenient as ab) is 
the event whose members are every sequence that is composed of the con
catenation of a sequence belonging to a followed by a sequence belonging 
to 6. 

If a is an event, then the event a* is the smallest class of sequences which 
contains (as members) the null sequence and all sequences belonging to a 
and is closed under concatenation. 

The regular expressions are: (k), for any suitable numeral k; and A; and 
<f>; and any expression built up out of these by means of U , fi, —, •, and * 
(with, of course, suitable use of brackets). 

The regular expressions are intended as names of events, in a way that 
is implicit in the foregoing explanation. And we may then define an event as 
being regular if, under some choice of m, there is a regular expression which 
denotes it. We have the important result: 

KLEENE'S THEOREM. An event can be represented by a finite automaton if 
and only if it is regular. 

This was first proved by Kleene in [14] and [15], under a definition of 
regularity equivalent to the one we have just given. 

Since the behavior function of an automaton with one binary (i.e., two-
state) output is uniquely characterized by giving the event for which the 
output is T, McNaughton and Yamada propose their regular-expression 
language for practical use in specifying the behavior of such an automaton, 
and recommend the redundancy of its notation—as compared, e.g., to the 
more economical regular-expression languages of [15] and [8]—as facilitating 
this. For example, if we assume two input states, 0 and 1, the expression 

- [(0 U 1)*000(0 U 1)*] U (0 U 1)*111 - [ (0 U 1)*000(0 U 1)*] 

specifies an automaton as having output T at time t if and only if either 
there have never been three consecutive 0's in the input sequence up to 
and including the time t (this accounts for the part of the expression up to 
the end of the first square bracket) or (this accounts for the next symbol, U , 
in the expression) there have been three consecutive l's in the input sequence 
since the last three consecutive 0's (this accounts for the remainder of the 
expression). 
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Kleene proposed the problem of a characterization of regular events 
directly in terms of their expression in a formalized language of ordinary 
kind, such as one of the usual formulations of first- or second-order arith
metic. This problem has since been solved by Trachtenbrot [20], and in a 
different way by Buchi [2] and Elgot [10]. 

These results of Buchi and Elgot are closely related to one another, and the 
substance of them was originally announced in the joint abstract [3]. 
Specifically, representability of an event by a finite automaton is equivalent 
to expressibility in any one of the three following formalized languages: 

(1) Weak second-order arithmetic (Buchi). The primitive symbols are: 
numerical variables; singulary predicate-variables; the notation ( ) for appli
cation of a propositional function to its argument; the symbol 0 for the 
number 0; the accent ' as a notation for successor; T, F, and connectives of 
the propositional calculus; quantifiers on numerical variables; quantifiers 
on singulary predicate-variables. Terms are the same as in restricted recur
sive arithmetic. An elementary formula is T or F or a singulary predicate-
variable followed by a term between ( ). Other wff s (closed and open senten
ces) are built up from the elementary formulas by means of connectives of 
the propositional calculus and both kinds of quantifiers. 

(2) Singulary second-order arithmetic with = and < (Elgot). Differs from 
(1) by omission of 0 and inclusion of the two binary predicates = and < . 

(3) First-order arithmetic with +, the binary predicate =, and a singulary 
predicate meaning "is a power of 2" (Buchi). 

In (1) and (2) the predicate-variables are to be understood as having 
finite sets of natural numbers as their values. And in the application to 
automata, in order to represent an input sequence, each free predicate-
variable of a formula is made to correspond to a finite initial sequence of 
states of one input element by way of some suitable coding. The simplest 
convention, following Elgot, is just to take the value of each predicate-
variable to be the finite set of instants at which the state of the correspond
ing input element is T, and then to consider the shortest input sequence 
which is thus represented. This results in a restriction to a proper subclass 
of all input sequences, the admissible input sequences, but it may be seen 
that the restriction is not very essential. Buchi uses (in effect) a method of 
coding that avoids this restriction to admissible input sequences. 

In the case of (3), instead of using predicate-variables, each finite set of 
natural numbers is represented by a natural number, the finite sum S2É, 
where the summation is over all natural numbers t that belong to the set. 

That (1) and (2) are equivalent, and that both have a redundant list of 
primitives, is as a matter of fact quite obvious. Definitions given by Elgot 
show that we may without loss omit the primitive symbol 0 from (1), or the 
primitive symbols = and < from (2). 

The two notes by Trachtenbrot, [20] and [21], were unknown to me at the 
time this lecture was delivered, and were called to my attention by several 
members of the audience. The dates attached to the earlier note [20] place 
it as approximately simultaneous with [11] and the privately circulated first 
edition of [7], hence earlier than the abstract [3], later than [4] and the ab
stract of [11]—all of which it overlaps to some extent, though more in 
point of view and method than in specific content. 

In [20] Trachtenbrot characterizes the behavior of an automaton with 
one binary output by means of the following formalized language: 
6-622036 Proceedings 
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(4) Singulary second-order functional calculus with bounded quantifiers. 
The primitive symbols are: numerical variables; singulary predicate variab
les; the notation ( ) for application of a propositional function to its argu
ment; connectives of the propositional calculus; quantifiers on singulary 
predicate-variables; and bounded quantifiers on numerical variables. The 
elementary formulas consist of a singulary predicate-variable followed by 
a numerical variable between ( ), and other wff s are built up from the ele
mentary formulas by means of connectives of the propositional calculus and 
quantifiers. 

Trachtenbrot introduces four kinds of bounded quantifiers: (a)a<b, (3a)a<b, 
(a)a<b> a n ( i (3a)a<b? where a and b are any two distinct numerical variables. 
We shall say in each case that the variable a is bounded by the variable b. 
Evidently any one of these four kinds of bounded quantifiers would 
suffice, as the three others would be definable from it. The ordinary, un
bounded quantifiers on numerical variables are not used. 

In (4) the predicate-variables are to be understood as having arbitrary 
singulary propositional functions (or arbitrary sets) of natural numbers as 
their values. And in the application to automata, each free predicate-
variable of a formula corresponds to one input element in the same fashion 
that was explained above for the predicates il9i29... used in restricted recur
sive arithmetic. A t-formula is a wff of (4) in which the only free numerical 
variable is the particular variable t and in which—to state it briefly—every 
bound numerical variable is bounded, either by t9 or by a variable that is 
bounded by t9 or by a variable that is bounded by a variable that is bounded 
by t, or etc. Then we have: 

TRACHTENBROT'S THEOREM. The behavior of any finite automaton with 
one binary output o(t) can be characterized by an equivalence of the form 
o(t) = S(t), where 8(t) is a ^-formula whose free predicate-variables correspond 
to the inputs of the automaton. And conversely every equivalence of this 
form characterizes the behavior of some finite automaton with one binary 
output. 

As a characterization of the behavior of finite automata with one binary 
output, Trachtenbrot's theorem is evidently more direct than the results of 
Kleene, Buchi, and Elgot. As a characterization of events representable by 
a finite automaton (i.e., of regular events) it is less direct. But it can be 
made to yield such a characterization by taking each free predicate-variable 
f in S(t) to stand for a finite initial sequence of input states of length t + l, 
namely the sequence f(0), f(l), ...,î(t). (This amounts to taking the formalized 
language in such a way that the free predicate-variables have a different 
range of values from the bound predicate-variables, a device which Trach
tenbrot himself does not adopt explicitly in either [20] or [21].) 

In order to obtain a language for practical use in specifying the behavior 
of automata, it may be desirable to modify Trachtenbrot's language (4) 
by adding the redundant primitive symbols = , < , 0, and ', and then to 
replace the class of ^-formulas by the more quickly recognizable class of 
formulas in which the only free numerical variable is t and all bound numeri
cal variables are bounded by t. The resulting language seems to offer less 
immediate facility than the regular-expression language of McNaughton 
and Yamada, but it may be more suitable for use in cases in which some 
further application of mathematical logic is to be made. 
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Buchi, Elgot, and Trachtenbrot are all interested, not only in applications 
of logic to automata theory, but also in the reverse application by which 
the consideration of automata is made to yield results that belong to the 
field of mathematical logic. And the main result announced in [21] falls 
under the latter head. But [21] also announces, in effect, still another 
characterization of regularity of events by means of expressibility in an 
appropriate formalized language. Namely in Büchi's characterization, weak 
second-order arithmetic may be replaced by another formalized language, 
which has the same primitive symbols and the same class of wffs as weak 
second-order arithmetic, but in which the values of the bound predicate-
variables are taken to be arbitrary sets of natural numbers, while the 
values of the free predicate-variables are taken to be finite sets of natural 
numbers. 

Finally we return to the synthesis problem, to cite some cases which 
belong in the present context rather than in that of restricted recursive 
arithmetic. 

Case a. Synthesis requirement given by a regular expression, denoting 
an event which an automaton with one binary output is required to repre
sent. Problem solved originally by Kleene [14], [15]. Revised treatments by 
Copi, Elgot, and Wright [8]; McNaughton and Yamada [17]. Elgot [10] 
solves a somewhat generalized form of this synthesis problem. 

Case b. Synthesis requirement given by a t-formula that expresses the 
(one binary) output in terms of the inputs. Solution briefly sketched by 
Trachtenbrot [20]. 

Case c. Synthesis requirement given by a wff of the form (3s1) (3s2)... 
(3sn) (t)M, belonging to a language which is like weak second-order arith
metic except that the predicate-variables are reinterpreted as ranging over 
all singulary propositional functions (all sets) of natural numbers. Here 
s1,s2, ...,sn are predicate-variables, t is an individual variable, and the 
quantifier-free matrix M contains no individual variables except t. The 
free predicate-variables are interpreted, some as corresponding to inputs 
and some as corresponding to outputs, so that the synthesis requirement 
expressed is a condition relating the inputs and the outputs. Solved by 
Elgot [10]. 

I t is clear that, as regards the form of the synthesis requirement, Case c 
would fit into the table that was given above in connection with restricted 
recursive arithmetic. But Elgot's method is different, not making use of 
restricted recursive arithmetic (and in fact leading in the first instance to a 
transition system rather than an automaton). 

Case d. Synthesis requirement given by an open sentence of first-order 
arithmetic with ', + , and = , and with free singulary predicate-variables, 
interpreted as outputs, and as ranging over the ultimately periodic propo
sitional functions of natural numbers. Decision problem solved, but synthe
sis problem unsolvable. See Elgot [10]. 

Case e. Synthesis requirement given by am arbitrary wff of the same for
malized language that is described under Case c. The decision problem is 
solved by Buchi [23]. The general synthesis problem for this case is still 
open (as of December 1962), though unpublished results stronger than that 
of Case c are cited in a letter from Buchi. Evidently Case e would fit into 
the table that was given above, as intermediate between Cases 3-4 and 
Case 5. 



3 4 A. CHURCH 

R E F E R E N C E S 

Application of propositional calculus 

[A] E H R E N F E S T , P. , Review of the Russian translation of Louis Couturat's 
L'algebre de la logique. Mypnaji Pyccnazo <X>u3UK0-xuMuuecKa30 Oôuçecmea, sec
tion of physics, 42 (1910), part 2, 382-387. 

[B] NAKASIMA, AKJRA & H A N Z A W A , MASAO, A series of papers published in 

Japan, some by the joint authors, and some by Nakasima alone. The two earliest 
papers are in Japanese, b y Nakasima and Hanzawa, and appeared in J. Inst. 
Elect. Comm. Engrs. Japan, no. 165 (Dec. 1936) and no. 167 (Feb. 1937). I 
have not seen these papers, but a condensed English translation of them which 
appeared in Nippon Elect. Comm. Eng., no. 9 (Feb. 1938), 32-39. Later papers 
appeared in the latter periodical, no. 10 (Apr. 1938), 178-179; no. 12 (Sept. 
1938), 310-314; no. 13 (Nov. 1938), 405-412; no. 14 (Dec. 1938), 459-466; no. 24 
(Apr. 1941), 203-210. These also are English translations of papers in Japanese 
which preceded them. 

[C] S H A N N O N , C. E . , A symbolic analysis of relay and switching circuits. 
Trans. Amer. Inst. Elect. Engrs., 57 (1938), 713-723. 

[D] SHESTAKOFF, V. I. , Ajireöpa flByxnojiroCHHx cxeM, nocTpoeHHtix HCKJIIO-
HHTejibHo H3 #ByxnojiK)CHHKOB (Ajireöpa A-cxeM). AemoMamuna u TejieMe-
xanuna, no. 2 (1941), 15-24. 

[E] SHESTAKOFF, V. I. , A paper of the same title as [D] . Mypnaji TexuuuecKoü 
0U3UKU, 11, 6 (1941), 532-549. 

[F] SHESTAKOFF, V. I. , Representation of characteristic functions of proposi
tions by expressions realizable b y relay-contact circuits. (Russian with English 
summary.) Bull. Acad. Sci. URSS (sér. math. , 10 (1946), 529-554. 

[G]. YANOVSKAYA, S. A., OCHOBaHHH MaTeMaTHKH H MaTeMaTHHeCKaH JIOTHKa. 
MameMamuna e CCCP aa Tpudi^amb Jlem 1917-1947, pp. 9-50. Moscow and 
Leningrad, 1948. 

Application of mathematical logic beyond propositional calculus 

[1]. B E R K E L E Y , E . C , Circuit Algebra-Introduction. N e w York, 1952. 
[2]. BUCHT, J. R., Weak second-order arithmetic and finite automata. Z. 

Math. Logik Grundlagen Math., 6 (1960), 66-92. 
[3] . B U C H I , J . R. & ELGOT, C. C , Decision problems of weak second order 

arithmetics and finite automata, Part I. Abstract in Notices Amer. Math. 
Soc, 5, 7 (Dec. 1958), 834. 

{4] . B U C H I , J. R., ELGOT, C. C. & W R I G H T , J. B. , The non-existence of cer

ta in algorithms of finite automata theory. Abstract in Notices Amer. 
Math. Soc, 5, no. 1 (Feb. 1958), 98. 

[5] . B U R K S , A. W. & W R I G H T , J. B. , Theory of logical nets. Proc I.R.E., 
41 (1953), 1357-1365. 

f[6]. CHURCH, ALONZO, Review of E . C. Berkeley's "The algebra of states and 
events". J. Symb. Logic, 20 (1955), 286-287. 

,'[7]. CHURCH, ALONZO, Application of recursive arithmetic to the problem of 
circuit synthesis. Summaries of Talks Presented at the Summer Institute 
for Symbolic Logic, Cornell University 1957, 2nd ed., 3-50. Princeton, 
1960. 

£8]. COPI, I . M., ELGOT, C. C & W R I G H T , J. B. , Realization of events by logical 

nets . J. Ass. Comput. Mach., 5 (1958), 181-196. 
| [9]. ELGOT, C. C , Decision problems of weak second order arithmetics a n d 



LOGIC, ARITHMETIC, AND AUTOMATA 3 5 

finite automata, Part I I . Abstract in Notices Amer. Math. Soc, 6, 1 (Feb. 
1959), 48. 

110]. ELGOT, C. C , Decision problems of finite automata design and related 
arithmetics. Trans. Amer. Math. Soc, 98 (1961), 21-51. Errata, ibid., 103 
(1962), 558-559. 

111]. FRIEDMAN, JOYCE, Some results in Church's restricted recursive arithmetic. 
J. Symb. Logic, 22, 4 (for 1957, pub. 1958), 337-342. Reviewed by Robert 
McNaughton in J. Symb. Logic, 24, 3 (for 1959, pub. 1960), 241-242. Ab
stract in J. Symb. Logic, 21 (1956), 219. 

112]. GOTO, MOTINORI, Application of logical mathematics to the theory of 

relay networks. Japan Sci. Rev., 1, 3 (1950), 35-42. 
113]. HARTREE, D. R., Calculating Instruments and Machines. Urbana, 1949. 
[ 14]. KL E E NE , S. C , Representation of Events in Nerve Nets and Finite Automata. 

RAND memorandum, Dec. 1951. 
115]. KLEENE, S. C , Representation of events in nerve nets and finite automata. 

Automata Studies, 3-41. Princeton, 1956. 
116]. MCCULLOCH, W. S. & PITTS, WALTER, A logical calculus of the ideas im

manent in nervous activity. Bull. Math. Biophys., 5 (1943), 115-133. 
[17]. MCNAUGHTON, R. & YAMADA, H., Regular expressions and state graphs 

for automata. I.R.E. Trans., EC-9, no. 1 (1960), 39-47. 
[18]. VON NEUMANN, JOHN, First Draft of a Report on the EDV AC. Moore 

School of Electrical Engineering, University of Pennsylvania, June 30,1945. 
119]. SKOLEM, THORALF, Begründung der elementaren Arithmetik durch die 

rekurrierende Denkweise ohne Anwendung scheinbarer Veränderlichen mit 
unendlichem Ausdehnungsbereich. Skrifter utgit av Videnskapsselskapet i 
Kristiania, I. matematisk-naturvidenskabelig Masse, no. 6 (1923). 

[20]. TRACHTENBROT, B. A., CnHTe3 jiornnecKHx ceTefi, onepaTopH KOToptix 
OüHCaHH CPeftCTBaMH HCHHCJieHHH OßHOMeCTHHX npeaimaTOB. JfoKJiadbl 
AnadeMuu Hayn CCCP, 118, 4 (1958), 646-649. Reviewed by J . C . Shep-
herdson in ZU. Math., 84 (1960), 11-12. 

[21]. TRACHTENBROT, B. A., HeKOToptie nocTpoeHHH B jiorime OäHOMCCTHHX 

npeflHKa-roB. floKJiadbi AnadeMuu Hayn CCCP, 138, 2 (1961), pp. 320-321. 
English translation in Soviet Math., 2, 3 (1961), 623-625. 

[22]. WANG, HAO, Circuit synthesis by solving sequential Boolean equations. 
Z. Math. Logik Grundlagen Math., 5 (1959), 291-322. Reviewed by C. C. 
Elgot in J. Symb. Logic, 25, 4 (for 1960, pub. 1962), 373-375. 

(Added in proof): 

[23]. BUCHI, J . R., On a decision method in restricted second-order arithmetic. 
Logic, Methodology, and Philosophy of Science, Proc of the 1960 Internat. 
Congress, Stanford 1962, 1-11. 



MAPKOBCKHE 
ÜPOIpCCM H 3AAA™ AHAJIH3A 

E. B. flBIHKHH 

CBH3H Memjjj MapKOBCKHMH npou;eccaMH H flH^epemjHajibHHMH ypaBHe-
HHHMH H3BecTHH yme aaBHO. En^e B Hanajie TpnjmaTLix roflOB OHH öBIJIH 
oô^eKTOM rjiyöoKHx HCCJieflOBaHHÄ KojiMoropoBa, neTpoBCKoro, Xnnraraa. 
3a nocjiejrane rojpa: öHJIH oÔHapymeHH HOBue saMeiaTejitHtie CBHBH MejKfly 
MapKOBCKHMH HpOIjeCCaMH H KJiaCCHieCKHM aHaJIH30M. 9TH CBH3H HJIOftO-
TBOpHH He TOJibKo flJiH TeopHH BepoHTHOCTefi, HO H ftjiH aHajiH3a. CoBpe-
MeHHan TeopHH MapKOBCKHx npoijeccoB cTaHOBHTCH Bee ôojiee H öojiee He 
TOJIBKO pa3fl;ejiOM TeopHH BeponraocTeô, HO H Baamoft oOJiacTtro anajiH3a, 
OKa3HBaiom;efi Bjinmrae Ha pa3BHTHe TaKHx KjiaccniecKHx oÖJiacTefi KaK 
TeopHH BJijinnTHHecKHx H napa6ojiH«iecKHx flH(|)$epeHi^Hajii>HHX ypaBHe-
HHfi, TeopHH noTeRHHajia H T. n. 

0 nrapoKOM HHTepece K BTOô oÖJiacTH cBH^eTejiBCTByeT MecTO, KOTopoe 
y^ejieHO eô B nporpaMMe Hainero ci»e3Aa, TaK me, KaK H B nporpaMMe npejj-
Hflynjero MeHmysapoflHoro CLe3fla B 9flHH6ypre. CnrpaBinne BH^aioiiryiocH 
pOJIB B HOBeÖBieM pa3BHTHH TeopHH MapKOBCKHX npoijeecoB HCeJiejJOBaHHH 
d>ejiJiepa 6HJIH ocBenjeHBi aBTopoM B nacoBOM jjOKjiafle Ha 9jpra6yprcKOM 
KOHrpecce. Ba?KHBie HanpaBJieHHH B Teopnn MapKOBCKHx npon;eecoB CBH-
3aHH c HMeHaMH HTO H XaHTa, KOToptie BHCTynaioT c oÔ3opHHMH flOKjia-
flaMH Ha HameM CBe3^e. 

9TO oÔJieriaeT MOIO sa^a^y. H He 6yay nBrraTbCH oxBaraTb Bee acneKTH 
coBpeMeHHoro pasBHTHH TeopHH MapKOBCKHx npou;eccoB ^a^a^a , Hepaspe-
fflHMafl B paMKax nacoBoro flOKjiaaa), a cocpeflOTOiy BHHMaHHe Ha He-
CKOJIBKHX HanpaBJieHHHx, CBH3aHHHx c Moeü coöcTBeHHoit paôoToft H pa-
ôOTOë rpynnn MOJIO^HX COBBTCKHX MaTeMaTHKOB, HaxoftHmnxcH co MHOä B 
nOCTOHHHOM HaVHHOM KOHTaKTe. 

Pent 6yaeT HJTFH O HOHHTHH xapaKTepncTHiecKoro onepaTopa MapKOB-
CKoro npoijecca, H03BOJiHiom;eM j^amh BepoHTHOCTHyio $opMyjinpoBKy H 
BepoHTHOCTHoe peraeHHe pnjja sa^a^ TeopHH ^HtJ^epeHijHaJibHbix ypaBHe-
HHft. 3HawrejibHoe MecTO 6yaeT ynejieHO HOHHTHIO ajmnTHBHoro <J>VHK-
î HOHajia OT MapKOBCKoro npoijeeea H pasjin^HbiM npeo6pa30BaHHHM 
MapKOBCKHX npOEÇeCCOB, CBH3aHHHM C ajWHTHBHblMH (jjVHKIJHOHaJiaMH. 
EyjjeT noKa3aHO, HTO C noMonjbio Taraix npeo6pa30BaHHft MOJKHO nojiy^HTb 
HeKOTopoe npeflCTaßjieHHe o CTpoeHHH Hanöojiee o6m;ero CTporo MapKOB-
CKoro npoijeeca e HenpepHBHHMH TpaeKTopnHMH Ha TonojiornHecKOM 
MHoroo6pa3HH E. M H BBejjeM onpe^ejieHHHe KJiaccH <|>yHKnHft, KOToptie 
ecTecTBeHHO Ha3BaTb rapMOHHiecKHMH H cyneprapMOHHiecKHMH <J>VHK-
IJHHMH, CBH3aHHHMH C MapKOBCKHM npOEÇeCCOM, H OCTaHOBHMCH Ha HCKO-
Toptix 3aaaHax, B03HHKaiomHx B CBH3H C H3yHeHHeM MHoœecTBa Bcex He-
OTpHD[aTeJIBHHX TapMOHHHeCKHX (̂ VHKÎ HË. 
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§ 1. CoBpeMeHHoe onpeflejieHHe MapKOBCKoro nporjeeca 
1.1. B 1828 rojry aRTjiHÖCKHft 6oTaHHK BpoyH 3aMeTHJi, HTO MejiKne i a -

CTHÏTH, HOrpyMKeHHHe B JKHflKOCTb, XaOTHHeCKH jmHJKVTCH, öecnpecTamio 
MeHHH HanpaBJieHHe jraHHœHHH. B nepBHx paôoTax, nocBHnjeHHbix MaTe-
MaTH^ecKOMy onncaHHE) 9Toro HBJieHHH, H3yHajiacb TaK Ha3biBaeMaH 
nepexoflHaH «JVHKIPIH P(t, x,T), BbipamaionjaH BepoHTHOCTb Toro, I T O na-
cTHi^a, Bume^maH H3 TOHKH X, nepes BpeMH t nona^aeT B MHOJKecTBO JT. 

Bojiee pa3BHTan Teopnn HMeeT CBOHM oôteKTOM TpaeKTopnio jraHHçeHHH 
xt. Cjiy^aËHbiô xapaKTep ppjimeimH. BbipamaeTCH MaTeMaTHieerai npea-
«OJiOHceHHeM, HTO xt=xt(œ), rjje co npHHa#Jie?KHT HeKOTopoMy MHonœcTBy 
12, Ha KOTOpOM 3a#aH HaÔOp BepOHTHOCTHHX Mep Px (3T0 MHOJKeCTBO Ha-
BHBaeTCH npocTpaHCTBOM ajieMeHTapHbix C O ö H T H ä ) . MHoncecTBa A , JJJIH KO-
TopHx onpeflejieHH 3HaieHHH PX(A), Ha3HBaiOTCH COÔHTHHMH, H SHa^eHne 
PX(A) HCTOJIKOBHBaeTCH KaK BepOHTHOCTb COÔbITHH A B HpeAHOJIOJKeHHH, 
HTO flBHmeHHe Ha^HHaeTCH H3 TOHKH x. nepexojpiaH $yHKn;HH onpefle-
jineTCH $opMyjioô P(t,x,r) =Px{xt £ J 1 } . 

L. 2 . M H npnxoAHM TaKHM o6pa30M K coBpeMemioMy onpeßejieHHio Map-
KOBCKoro n p o u e e c a KaK napbi (xt,Px), r^e xt=xt(co) — <J>VHKHHH, saßaHHan 
npn t>0 H C O G Q , H P J — Ha6op BepOHTHOCTHHX Mep B npocTpaHCTBe £2. 
0a3oeoe npocmpammeo, B KOTOPOM npnHHMaeT BHaneHHH <J>VHKH,HH xt9 

HBjineTCH B cjiyqae SpovHOBCKoro jranHcemra HeKOTopoÄ oôJiacTbio Tpex-
MepHoro eBKJiHfliOBa npocTpaHCTBa. Boo6m;e me BTO npoH3BOJibHoe MHO-
McecTBO E, B KOTOPOM BbiflejieHa HeKOTopan cncTeMa «HSMepHMbix nofl-
MHOHçecTB». OcHOBHoe ycjioBHe, CBH3HBaiom;ee (JJVHKIJHIO xt H Mepbi Px, — 
BTO MapKOBCKHÔ npHHijHn He3aBHCHM0CTH oyjrymero OT npomjioro n p n 
HSBecTHOM HacTOHDD[eM. Tournee, n p n H3BecTHOM SHaiemra xt nporH03 
^ajibHeômero flBHmeHHH Hacrmpi He saBHCHT OT xapaKTepa jusHîKeHHH jm 
MOMeHTa t i1). 

PasoöbeM BCH) TpaeKTopHio npon;ecca Ha jrae l a e r a : RO MOMeHTa r nepBoro 
^ocTHHîeHHH HeKOToporo MHOH«ecTBa r H nocjie 8Toro MOMeHTa. npeAnoJio-
mVLM, WTO HaM H3BeCTHO Xx. CymeCTBeHHO JIH 3HaHHe ABHH«eHHH flO MOMeHTa 
x flJiH nporH03a jipmmemm nocjie MOMeHTa T? <DH3H*iecKaH HHTVHIJHH Tpe-
6yeT OTpni^aTejibHoro OTBeTa. O r n a n o TaKOË OTBCT BOBce He BbrreKaeT HS 
onpe,n;ejieHHH MapKOBCKoro npon;ecca, B KOTOPOM ynacTByeT $HKCHpoBaH-
H H ä MOMeHT t, a He cjiynaôHHft MOMCHT T. MapKOBCKne npoijeccbi, j p n KO-
Topux ycjioBHe HesaBHCHMOCTH ôypyinero OT npomjioro n p n HSBeeraoM 
»acTOHm;eM BHnojiHHeTCH He TOJIBKO fljra nocTOHHHoro, HO H JJJIH onpejje-
jieHHoro KJiacca cjiynaoHbix MOMenroB T, HasbraaioTCH cmpoeo MapnoecnuMu 
npoueccaMu (2). 

(*) CTporaH $opMyjrapoBKa onnpaeTCH Ha noHHTHe ycJiOBHOii BepoHTHOCTH 
H TpeöyeT, HTOÖH JJJIH Jiroöoro H3MepHMoro MHOHœcTBa T H JIIOöHX t,h>0 
I'x&t+h e F/xs,s <t} =P(h,xt,r) npn noHTH Bcex oo. 

(2) H3yHeHHe CTporo MapKOBCKHx nponeccoB KaK caMOCTOHTejibHoro KJiacca 
MapKOBCKHx nponeccoB 6HJIO HanaTO B 1955-1956 roaax B paôoTax 3 H H K H H a 

fö], [6], [8] , ^HHKHHa H lOinKeBHqa [18] H Pan [38]. B paßoTe [18] BnepBbie ji;aHO 
oömee onpeaejieHHe CTporo MapKOBCKHx npoi^eccoB, CTPOHTCH npHMepti Map-
HOBCKHX npOÎ eCCOB, He HBJIflronniXCH CTporO MapKOBCKHMH, H BHBOäHTCH ycjio-
BHH, ^OCTaTOHHHe RJIR TOrO, HTOÖH MapKOBCKHÖ HpOÎ eCC HBJIHJICH CTporO Map-
KOBCKHM. 
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1. 3. $ o CHX nop Mbi CHHTajiH, ITO xt onpe^ejieHO AJIH Bcex t>0. OflHaKO, 
MHorne ecTecTBemibie KOHCTPVKIJHH npHBOßHT K npoijeceaM, fljin KOTopbix 
xt(œ) onpeffejieHO Jininb B HeKOTopoM HHTepBajie (0,£(a>)). CoBpeMeHHan 
TeopHH MapKOBCKHx npoijeccoB oxBaTHBaeT H Tanne o6pHBarom:HecH npo-
ijeccbi. 

Onpe^ejieHHe MapKOBCKoro npoijecea He TpeöyeT, HTOöH B <f>a30B0M npo-
CTpaHCTBe 6biJia 3a^aHa KaKan-HHOyftb Tonojiornn. OflHaKO B pa3BHT0ö 
TeopHH innpoKO Hcnojib3yiOTCH ycjiOBHH TonojiorniecKoro xapaKTepa H Ty 
HJIH HHyiO TOnOJIOrHK) B $a30B0M npOCTpaHCTBe npHXOAHTCH BBOßHTb. 
CpejjH pa3JiHHHHx TonojiorHH ocoöoe MecTO 3aHHMaeT TaK Ha3HBaeMan 
ecTecTBeHHan Tonojiornn, B KOTopoË OTKpHTHe MHomecTBa BbißejiHiOTCH 
ejieAyioioHM ycjioBneM: TpaeKTopnH, HaiHHaronjancH B npoH3BOJibHOH TOHKe 
TaKOrO MHOJKeCTBa, C BepOHTHOCTblO eAHHHÎ a He BblXOflHT H3 3TOrO MHO-
mecTBa B TeneHHH nojionuiTejibHoro BpeMeHH (CM. JSJ6 [2], Xanr [28], 
JJHHKHH [10]). J\RR nrapoKoro KJiacca npoueccoB 30Ka3aH0, HTO H3Mepn-
Man (JJVHKIJHH f(x) HBJIHCTCH HenpepbiBHOü B ecTecTBeHHOH TonojiorHH Tor^a 
H TOJibKO Torcia, Kor^a OHa HenpepbiBHa cnpaBa B^OJIB noiTH Bcex TpaeKTO-
pnfi npoijecca (*). 

§ 2. OnepaTopBi c#Bnra 4>yHKijHH. XapaicrepHCTH-
necKHe H HH4>HHHTe3HMajibHbie onepaTOpLi 

2. 1. Oôman cxeMa, eBH3biBaiomaH MapKOBCKHe npoijecebi e aHajiH30M, 
ocHOBaHa Ha HOHHTHH c^BHra (JJVHKHHH, 3aaaHHoft B $a30B0M npocTpaHCTBe 
E. PaccMOTpHM KaKyio-HHÔyAb HeoTpHijaTejibHyio H3MepHMyro ^VHKHHIO 
T(CO). nycTb f(x) — H3MepHMan $YHKU;HH B npocTpaHCTBe E. Tor^a f(xr) 
HBJineTCH (J>VHKHHefi B npocTpaHCTBe 12. HHTerpaji 3TOä (J)VHKU;HH no Mepe 
Px (ecjiH OH HMeeT CMHCJI) H ecTb 3HaHeHHe CJJBHHVTOH (JJVHKIJHH B TOHKC x. 
B BH^e $opMyjiH 3T0 3anHCbiBaeTCH Tan 

TTf(x)=Mxf(xT)(t). 

PaccMOTpHM BHHMaTejibHee cjiy^aö, Kor.ua r = i He saBHCHT OT CO. COOT-
BeTCTByiom;Hö onepaTop c^Bnra BbipaîKaeTCH nepe3 nepexojmyio ^VHKIJHIO 
no $opMyjie 

[P{t,x,t Ttf{x)= P(t,x,dy)f(y) 

PÏ3 MapKOBCKoro npHHipina BbiTeKaeT, HTO TsTt = Ts+t(sìt>0), T. e. onepa-
Topu Tt oôpasyroT nojiyrpynny. OnepaTop 

*^o t 

3ajibHeHinHe yKa3aHHH oTHocHTejibHo jiHTepaTypbi no CTporo MapKOBCKHM 
npoueccaM Monmo HaüTH B [11]. 

(x) 3TOT pe3yjibTaT npHHaji;jie>KHT THpcaHOBy [23], onnpaBineMycH na He-
KOTopue H êH ßyöa [2]. 

(2) Hepe3 Mx£ o6o3HaHaeTca HHTerpaji <£yHKn,HH £ no Mepe Px, pacnpo-
CTpaHeHHMH Ha BCK) oöJiacTb onpeaejienHH <j)yHKn,HH £(œ). 

http://Kor.ua
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na3HBaeTCH uH0unume3UMajibHUM onepamopoM MapKOBCKoro npoijecca. I lpn 
o^eHb ninpoKHx npe,nnojiOH«eHHHx HH$HHHTe3HMajibHHÄ onepaTop onpe-
ACJineT OAH03HaHHO nepexojniyio (JJVHKIJIIK) npoijecea (CM. [7], [17]). 

,H,pyroH BaîKHOo xapaKTepncTHKOH npoijecca HBJIHGTCH xapaKTepncTH-
»iecKHö onepaTop, KOTopbiü onpe^ejineTCH $opMyjiOH 

/ v ' uix Mxr(U) 

lijiech U — OKpecTHOCTb TOHKH x, r(U) — MOMGHT nepßoro Bbixo^a H3 U, 
iipeflejibHbiH nepexoa npoH3BOflHTca, Korjja U CTHraBaeTCH K X. (Ilpeflnojia-
raeTCH, HTO B $a30B0M npocTpaHCTBe 3aaaHa HeKOTopan TonojiorHH.) 

Mem Ay xapaKTepncTHqecKHM H HH(|)HHHTe3HMajibHbiM onepaTopoM Map-
KOBCKoro npoijeeca cymecTByeT TecHan CBH3b. HMGHHO, ecjin B HeKOTopoii 
TonojiorHH TpaeKTopnn npoijecca HenpepbiBHbi cnpaßa, a onepaTopbi 
(îflBnra Tt ocTaBjiHioT HHBapnaHTHbiM MHOJKGCTBO Bcex orpaHHHeHHbix He-
npepHBHHx (J)yHKî HÔ, TO xapaKTepncTUHecKHÄ onepaTop 91 HBjineTCH pac-
innpeHHeM HH$HHHTe3HMajibHoro onepaTopa A (1). 

H3 (j)opMyjiH, onpeAejimomefi onepaTop 21, BH^HO, HTO ecjin 2I/(#) onpe-
AejieHO H (JVHKIJHH / AOCTnraeT B TO^Ke x HeoTpnijaTejibHoro MaKCHMyMa, 
TO 2I/(#)<0. 9TO CBOËCTBO HaCTO Ha3bIBaK)T npilHUUnOM MdKCUMyMa. 

HaHHHan c 3Toro MecTa MH eocpeflOTOHHM Bee BHHMamie Ha npoijeccax, 
TpaeKTopnn KOTopHx HenpepbiBHbi. fljiH TaKHx npomeccoB B MOMeHT nep-
»oro Bbixofla H3 MHomecTBa U nacTima nonaflaeT Ha rpammy U. IIo3TOMy 
HHaneHHe 2l/(#) onpe^ejineTCH no 3HaneHHHM (^VHKIJHH / B CKOJIB yro^HO 
MaJIOH OKpeCTHOCTH TOHKH X. OnepaTOp 21 HBJIHeTCH AOKCLAbHUM JIHHeËHblM 
onepaTopoM. 

§ 3. ^H<])<])y3HOHHi>ie npoijeccBi. BepoflTHocraoe 
peineHHe flH(])(J)epeHipiajn>HBix ypaBHeHHH 

3. 1. CTporo MapKOBCKHÄ npoijecc c HenpepHBHHMH TpaeKTopHHMH ycjio-
BHMCH Ha3HBaTb du00y3uoHHUM npoi^eccoM, ecjin 2l/(#) onpeflejieHO fljra 
KaHi^ofi (JVHKIJHH /, RBdLmRhi HenpepHBHO AH$$epeHD[HpyeMoô B OKpecT-
IIOCTH TOHKH x. (IlpeßnojiaraeTCH, ITO B $a30BOM npocTpaHCTBe BBe^eHa 
e.TpyKTypa rjia^Koro MHoroo6pa3HH.) 3 0 K a 3 H B a e T C H » H T 0 Win AH$$y3HOH-
noro npoijecca xapaKTepncTHnecKHo onepaTop coBna^aeT Ha ßBajKßbi He-
npepbiBHO flH(|)$epeHi^HpyeMbix (JVHKIJHHX c HeKOTopHM flHcjK^epeHijHajib-
iibiM onepaTopoM BToporo nopn^Ka 

Lf(x) = 2 atj(x) ̂  + 2 W) Ô-~ - c{x) f(x). 
CXt CXj G Xi 

l/la npHHi^Hna MaKCHMyMa BbrreKaeT, HTO c(x)>0 H BbinojiHHeTCH ocjia6jieH-
Hoe ycjioBHe 8JIJIHHTHHHOCTH: S a ^ a ^ A y ^ O «JIH JHOöHX BenjecTBemibix 
Ap A2, . . . . OnepaTop L Ha3HBaeTCH npou3eodMuuM ducßcfiepeHuuajibHbiM 

(*) IIoHHTHe xapaKTepHCTHqecKoro onepaTopa H CBH3b uemji,y xapaKTepn-
(THHecKHMH H HH$HHHTe3HMaJibHHMH onepaTopaMH óHJIH BnepBLie H3yneHBi 
n paÖOTax [5], [8]. 
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onepamopoM aH$$y3HOHHoro npoijecca. (OH HBjraeTCH cymeHneM xapaK-
TepncTHiecKoro onepaTopa.) BejraiHHbi atj, b{ H C HasbiBaioTCH, COOTBCT-
CTBeHHO, K03<JHJ>Hn;HeHTaMH AH$$y3HH, K03(j)$HÎ HeHTaMH CHOCa H K03$$H-
î neHTOM oôpHBa (ecjin npoijece He oopbraaeTCH, TO c(x)=0). 

3. 2. Ba?KHO HayiHTbCH CTpOHTb flH(|)$y3HOHHHe npOH,eCCbI, OTHpaBJIHHCb 
OT ^H$(J)epeHi^HajibHbix onepaTopoB L. ^H$$y3HOHHbiÄ npoijeee B CBKJIH-
AOBOM npocTpaHCTBe, OTBe^aiomnE onepaTopy Jlanjiaca A, 6HJI nocTpoeH 
em;e B 1923 rojjy BnHepoM. M H 6yaeM Ha3biBaTb ero eunepoecnuM npouec-
COM. KoHCTpVKHHK) BHHepa MOJKHO paCHpOCTpaHHTb Ha JII060Ë 3JIJIHHTH-
necKHÔ onepaTop L, JJJIH KOToporo yjjaeTCH nocTpoHTb (JyHflaMeHTajibHoe 
pemeHHe napaöojnraecKoro an(|)$epeHD[HajibHoro ypaBHeHHH 

dut T 

B cjiynae eBKjiHjjoBa npocTpaHCTBa JJJIH 9Toro socTaToimo, HTOôH KO9$$H-
î neHTH onepaTopa L 6HJIH orpaHH^eHH H yjçoBJieTBopHJiH ycjioBHio rejibjjepa 
H HTOÖH cymecTBOBana nojiojKHTejibHaH HHJKHHH rpaHHua «JIH coôcTBeHHbix 
3HaHeHHÄ MaTpHÎ H K03(J><j)HHHeHTOB npH CTapmHX np0H3B0ÄHHX (x). 

Bojiee npocTOfi, BepoHTHOCTHbiö MeTOjj nocTpoeHHH HeoôpbmaronpixcH 
AH$$y3H0HHbix npon,eecoB 6biJi npe^JiorneH HTO [30], [31]. 

IlycTb (xt, Px) — offHOMepHHfi BHHepoBCKHö npon,eee H (xt,Px) — s;H$$y-
3HOHHHH npoijecc e npoH3BOÄHD̂ HM ßH$<j)epeHHHajibHbiM onepaTopoM 

1 2 d* d 

L==r(x)_+m{x)^ 

HTO noKasaji, HTO 06a npoueeca MOJKHO peajiH30BaTb Ha ORHOM H TOM me npo
cTpaHCTBe ajieMeHTapHbix COöHTHH Q TaK, HTOöH PX =PX H TpaeKTopnn xt H 
Xt ÖHJIH CBH3aHH COOTHOBieHHeM 

xt = x0+ m(xu)du+ a(xu)dxu (1) 
Jo Jo 

(cnpaBa CTOHT TaK Ha3HBaeMHH CTOxacTHHecKHìt HHTerpaji, oömee onpe^ejie-
HHe KOToporo 6HJIO jjaHO MTO). OopMyjiy (1) MOJKHO paccMaTpHBaTb KaK nm-e-
rpajibHoe ypaBHeHHe, no3BOJiHiomee BHpa3HTb xt nepe3 xt. AHajiornHHoe ypaB-
HeHae nnmeTCH H HJIH MHoroMepHHX npon,eccoB. 

ypaBHeHHe (1) MOJKHO sanncaTb B an^epeHiniajibHOH $opMe 

dxt = m(xt) dt + a(xu) dxu. 

noenejniee cooTHOineHHe npeACTaBJiaeT CO6Oë CToxacTHHecKHn aHajior OöHKHO-
BeHHoro jnnJxJjepeHnnajibHoro ypaBHeHHH H oôJiaaaeT MHorHMH CBoncTBaMH 
TaKHx ypaBHeHHH: ero MOJKHO peniaTb MCTOAOM nocjieaoBaTejibHbix npnöjra-
meHHö HJiH MeTô OM JiOMaHHbix BËJiepa, ero nccjieflo B amie HHCKOJibKO He 

(!) CM. noromejibCKHö [36], [37]. 
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ycjiojKHHeTCH c yBejinneHneM nncjia nsMepemiË npocTpaHCTBa. Eme OAHHM 3a-
MenaTejibHbiM npenMymecTBOM MeTOfla HTO HBjmeTCH ero HenyBCTBHTejibHOCTb 
K BHpojKÄeHHH) Hcxo^Horo aH<$(j)epeHn,Ha.JibHoro onepaTopa. 

3. 3. PaccMOTpHM HecKOJibKo THHH^HHX 3aflai Teopnn jpi<|H|>epeHn;Hajib-
Hbix ypaBHeHHË, CBHsaHHbix c onepaTopoM L: 

A. (3aaana JJnpHXJie.) Lf(x)=0 JJJIH x&G,f{x)=cp(x) JSJIK X£G'. 

B. Lf(x)= -g(x) AJiH xEG,f(x)=0 win x£G'. 

B. * =Lut(x) jiiJiH t > 0, x E G;u0(x) = v(x) «JIH x£G;ut(x)=0 AJIH 
ot 

xEG'. 

3flecb G 03Ha^aeT HeKOTopyro oÔJiacTb B CBKJIHAOBOM npocTpaHCTBe, G' — 
ee rpaHHny, cp,g, v — HSBecTHbie $yHKi^HH, / H ut — HensBecTHbie $yHKn,HH, 
KOTOpbie Ha^O HaËTH. 

3aMeHHB B $opMyjinpoBKax sa^a i A, B, B onepaTop L Ha xapaKTepn-
CTH êcKHË onepaTop 21, MH HOJIVHHM HOBbie 3aaa*ra A', B ' , B ' . IIocKOJibKy 
%^L, TO BCHKoe pemeHHe KaKOE-HHOyjp» H3 sa^an A, B, B HBJIHCTCH B TO 
me BpeMH pemeHneM cooTBeTCTByiomeË sa^ann A', E ' , B ' . EcTecTBeHHO Ha-
3BaTb pemeHHH sa^a i A', E ' , B ' oooótueunuMU peiuenusiMu BajjaH A, B, B. 

H3 npHHniraa MaKCHMyMa ftjra onepaTopa 21 BbrreKaeT, HTO npn mnpoKHx 
npejmojiomeHHHx samara A', E ' , B ' HMCIOT He Sojiee oflHoro pemeHHH. 
ECJIH 3TO pemeHHe ftBamjpi HenpepbiBHO flH^epeHiprpyeMO, TO OHa HBJIH-
eTCH pemeHneM eooTBeTCTByiomeä samara A, E, B. TaraiM o6pa30M, B BTOM 
cjiyiae o6o6meHHoe pemeHHe 3a«a^H A, B, B HBJIHCTCH «KjiaccniecKHM 
pemeHneM». 

3aMenaTejibHO, HTO pemeHHe sa^an A', E ' , B ' Bcer^a BHpamaeTCH HBHHMH 
BepoHTHOCTHbiMH $opMVJiaMH. HMeHHO, o6o3HaiaH nepe3 ß MOMeHT nepBoro 
BHxofla oôjiacTH G, HMeeM: 

«Jin A': f(x)=Mx(p(xß) 

«Jin E': f(x)=Mxj
ß

Qg(xt)dt 

™ / v -m* , , / , x fi npn co G JA 
W* B : ut(x)=Mxv(xt)Xß<t \xA(œ) = | Q ^ ^ ^ J 

9TH $opMyjibi no3BOJiHK)T HccjieflOBaTb pemeHHe c KanecTBeHHOË CTO-
poHH, B nacTHOCTH, HccjiejjOBaTb ero saBHCHMOCTb OT HaHajibHbix H rpa-
HHHHHx flaHHbix H npaBbix nacTeË (CM., HanpnMep, XacbMHHCKHË [24]-[27], 
OpeËfljiHH [21], [22]). KpoMe Toro OHH MOiyr cjiymnTb OCHOBOô JJJIH BH-
HHCJieHHË no MeTo^y MoHTe-Kapjio. 

AHajiornHHbie $opMyjiH MomHO ßaTb H AJIH Ôonee cjiomHHx ypaBHeHHË. 
HanpnMep, o6o6meHHoe peineHne aH$$epeHn;HajibHoro ypaBHeHHH 

Lf-Vf^-g 

npn HyjieBHx rpaHHHHHx ycjiOBHHx BHpamaeTCH $opMynoË 
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f(x) = Mx exp I - V(xu) du \g(xt) dt. 

3 . 4 . B 3a#aHe B M H paccMaTpHBajin npocTeËmee, HyjieBoe rpaHHHHoe 
ycjioBHe AJiH napaÖojiHiecKoro A H ^ e p e m n i a j i b H o r o ypaBHeHHH dutjdt =Lut. 
HsBecTHO, HTO flJiH 3Toro ypaBHeHHH MomHO CTaBHTb H flpyrne rpaHHHHbie 
ycJiOBHH, HanpnMep, MOJKHO noTpeöoßaTb, H T O ö H oôpamsuiacb B Hyjib Hop-
MajibHan npoH3BO,imaH 8ut/dn. Pa3JiHHHHM rpaHHHHHM ycjiOBHHM COOT-
BeTCTByK)T pa3JiHHHbie THnbi noBeAeHHH flBHmyiueËCH nacTHHH Ha rpaHHije 
oÔJiacTH. HanpnMep , HyjieBbiM rpaHHHHHM ycjiOBHHM cooTBeTCTByeT HC-
necHOBeHHe B MOMCHT nepBoro aocTHmeHHH rpaHHHbi; VCJIOBHIO dut\dn=Q 
cooTBeTCTByeT OTpameHHe n o HanpaBJieHHio HopMajiH. 

3 a a a n a onpeflejieHHH Bcex BO3MOJKHHX rpaHHHHHX ycjioBHË JS,JIR jwfyfyy-
3HOHHHX npoi^eccoB ÔbiJia H3yneHa B oflHOMepHOM ejiynae OejiJiepoM [19], [20] 
H B MHoroMepHOM cnynae BeHTijejieM [47], [48]. 

3ajüany MomHO yTOHHHTb ejieayioiHHM o6pa30M. IlycTb G — oÖJiacTb e rjia^-
K O ë rpamineË G' m L — an<jx|)epeHnHa.JibHHË onepaTop B G, KoatJxjmnneHTH 
KOToporo npoflOjimaioTCH HenpepbiBHo H a ö U G'. Tpe6yeTCH onncaTb Bce ancj)-
$y3H0HHHe npoijeccn B 3aMKHyT0Ë oOJiaera G U G', j^sin KOTopnx npoH3BO-
RHIHHë ^H$$epeHqHajibHHË onepaTop BO Bcex BHyTpeHHHx TOHKax coBna-
aaeT c L. n o n a eme He öHJIO onpeffejieHO, HTO 3HannT, HTO npon,eec HBjmeTCH 
3H$$y3HOHHHM B rpaHHHHOË TOHKe X. TaK me, KaK H flJIH BHyTpeHHeË TOHKH 
3TO noHHTHe onpeaejiHeTCH nepe3 xapaKTepncTHHeeKHË onepaTop. TpeöyeTCH, 
HTOÔH 3HaneHHe %i(x) ôHJIO onpe^ejieHO JIHöO (a) RJIH. Bcex rjia^KHX ^yHKiniE, 
JIH6O (6) RJiH Bcex rjia^KHx (JJVHKHHë, nojüHHHeHHHX ojniOMy JiHHeËHOMy ycno-
BHK) (nOfl TJiaflKHMH $yHKI^HHMH nOHHMaK)TCH 3fljeCb $yHKI^HH, ftBaJKffbl He-
npepbiBHO AH$$epeHi^HpyeMHe B HeKOTopoË OKpecTHOCTH TOHKH x). 

BeHTnejib noKasajif1), HTO B cjiynae (a) Ha rjiajjKnx (JJVHKHHHX 

dn 

rjje L' — p;H$$epeHi^HajibHbiË onepaTop BToporo nopnftKa Ha Q'(*); B cnynae 
(6) jiHHeËHoe ycjioBHe, 3aAaiomee oöJiacTb onpejjejieHHH HMeeT B H ä 

0--qf+y^- + L'f. 
dn 

ECJIH (jjyHKnnn 21/ HenpepHBHa, TO B nepBOË H3 HanncaHHHx $opMyji MOJKHO 
3aMeHHTb 21 na L, H o6e <J)opMyjiH 3anncHBaioTCH B BH^e 

-oLf-qf + y— + I / / = 0 . 
dn 

(*) Pe3yjibTaTH BeHTnejm H3JiaraioTCH B nepepaßoTaHHOM BH^e. 
(2) M H CHHTaeM, HTO TpaeKTopnn npon,ecca HenpepHBHH. «Dejuiep n BeHTijejib 

aonycKajin B03M0mH0CTb pa3pHBOB Ha rpaHHije. IIoaTOMy y HHX HOHBJIHIOTCH 
«onojiHHTejibHHe HHTerpajibHHe HJICHH. 
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HraK, ffjin Toro, HTOöH 3ap;aTb rpaHHHHoe ycjiOBne, Hajjo onpe^ejinTb Ha rpa-
Hnne $yHKi^nn a,q,y n jpï^epeHnnajibHHË onepaTop L'. Ilpn L' =0 nony-
naeM rpaHHHHHe ycjioBHH, xoponio H3BecTHHe B Teopnn Hn$$epeHi^najibHHx 
ypaBHeHHË. TeopeMH cymecTBOBaHHH n ê HHCTBeHHocTH AJIH oömero cjiynan 
pa36npajincb BeHTueneM n YeHo [44]. OftHaKo, nojiyneHHHe B BTOM nanpaBJie-
HHH pe3yjibTaTH enje HnnaK Hejib3H cnnTaTb oKOHnaTejibHHMH. 

G HarjiHji;HOË TOHKH 3peHHH c$opMyjiHpoBaHHHE BHnie pe3yjibTaT 03Ha-
naeT, HTO ejjHHCTBeHHO B03MomHHMH THnaMH noBeaeHHH ßH^VHAlipyiOHjeE 
qacTHî H Ha rpaHHi^e oojiacra HBJIHIOTCH ocTaHOBKa, HCHe3HOBeHne, OTpameHne, 
3H$$y3HH no rpaHHne n nx pa3JiHHHHe KOMÖHHannn. CJIOBO «KOMÖHHaHHH» 
03HanaeT npocTO jiHHeËHyio KOMÖHHannio cooTBeTCTByiomnx rpaHHHHHX 
yCJIOBHË, HO BepOHTHOCTHHË CMHCJI TaKOrO KOMÖHHHpOBaHHH COBCCM He npOCT. 

KamflOMy Tnny rpaHHHHHX ycjiOBHË cooTBeTCTByeT onpeaejiemiHE npo-
nece, npoHexoflHmHË Ha rpaHHije. O H onpejjejieH Ha cjiynaËHOM MHomecTBe 
MOMeHTOB, B KOTopHe nac ran t HaxoAHTCH Ha rpaHHije. H3yneHHe rpa
HHHHHX npoi^eccoB MOJKHO no3TOMy paccMaTpHBaTb KaK o/ray H3 3a«aH, 
eme He nocTpoeHHOË o6m.eE Teopnn MapKOBCKHx npoijeeeoB co cjiynaËHOË 
oÔJiacTbK) onpeflejieHHH. üocTpoeHHe TaKOË Teopnn npe^CTaBJineTCH 
BecbMa HHTepecHOË npoÖJieMOE. (HnrepecHbie cooöpameHHH no 3T0My no-
BOfly öHJIH BHCKa3aHH B oflHOM H3 jjoKJiaflOB KojiMoropoBa Ha ceKrpni Teo
pnn BepoHTHOCTeË H MaTeMaTHHecKOË cTaTHCTHKH MocKOBCKoro MaTeMa-
THHecKoro oömecTBa.) 

§ 4 . AazpiTHBHBie 4>yHKU;HOHaJIBI 

4. 1. 3a nocjiejniHe rojpj OJPIHM H3 BamHeËmnx opy^HË HCCJieflOBaHHH H 
npHMeHeHHH MapKOBCKHX npOI];eCCOB CTaHOBHTCH aAflHTHBHHe (JJVHKIJHO-
HäJIH OT 3THX npOIjeCCOB. 

AOTHTHBHHë $yHKH,HOHaji OT MapKOBCKoro npoijecea (xt,Px) npe^-
CTaBJineT COOOë ^VHKHHIO, conocTaBJimomyio KamjjOMy HHTepBajiy Bpe-
MeHH [s,t] cjiyHaËHVK) BejiHHHHy cpl 3aBHCHm,yio Jinmb OT TeneHHH npo-
n,ecca 3a BpeMH [s,t] (*). I lpn 3TOM TpeöyeTCH, HTOöH <pst+<pu=(pu Win Jiro-
6HX s<t<u. M H öy^eM paccMaTpHBaTb TOJibKO aßAHTHBHHe (JyHKijHOHajiH, 
y,n;oBJieTBopHiom.He cjieflyiom,eMy VCJIOBHIO ojmopoflHOCTH: npn 3aMeHe 
TpaeKTopnn xt Ha xt+h 3HaneHHe cpl 3aMeHHeTCH Ha cpîXn (2)-

IIpHMepOM ajJßHTHBHOrO $VHKHHOHaJia HBJIHeTCH 

<pst= V(xu)du, 

rfle V(x) — KaKaH-HHOyjjb H3MepHMan C^VHKHHH B <J>a30BOM npocTpaHCTBe. 
ECJIH (JJVHKIJHH V HeoTpnrjaTejibHa, TO $yHKHHOHaji cpl npnHHMaeT TOJibKO 
HeoTpni^aTejibHHe 3HaneHHH. TaKHe (JvHKijHOHajiH npeACTaBJimoT OCOöHE 
HHTepec fl;jiH npHMeHeHHË. B 1958 r. BOJIKOHCKHë [45] (CM. Tanme [46]) 
OHHcaji Bee HenpepHBHHe HeoTpHnaTejibHHe aaAHTHBHHe <J)yHKnHOHajiH OT 

(*) ToHHee, $yHKE(HH (pt{a>) H3MepnMa OTHOCHTenbHO tr-ajireöpn, nopom^eH-
HOË <{>yHKHHHMH Xu(co) npn U G [«,$]. 

(2) ToHHee, ecjin JJJIH HeKOTopnx œ1 n co2 H3 Q uh >0 x^coj) =xt+h(co2) npn 
Bcex t, TO ^tio)^ =q>t+h{co2) npn Bcex s <t. 

http://o6m.eE
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omiOMepHoro BHHepoBCKoro npoijeeca. OKa3ajiocb, HTO 3TH $vHKi;HOHajiH 
HaXOffHTCH BO BSaHMHO OJfflOSHaHHOM COOTBeTCTBHH C MepaMH Ha HpHMOË, 
npHHHMaiomHMH KOHeHHHe sHaneHHH Ha Kam^oM KOHCHHOM OTpesKe. 9TO 
cooTBeTCTBHe HenpepHBHO, ecjin paccMaTpHBaTb ^JIH Mep cjiaöyio exojni-
MOCTb, a ßJIH (j>VHKHHOHaJIOB CXOAHMOCTb no BepOHTHOCTH. <DvHKHHOHaJI, 
cooTBeTCTByromnfi Mepe fi, sanncHBaeTCH B BH^e 

tf = )te(xjd«. (2) 

I lpn 3T0M dpt/dx 03HanaeT njiOTHOCTb Mepn ju, OTHOCHTejibHO Mepn Jleöera. 
ECJIH TaKoË njiOTHOCTH He cymecTByeT, TO sanncb HOCHT CHMBOJIHHCCKHE 
xapaKTep H pacmn(|)poBHBaeTCH nocpejjCTBOM ecTecTBeHHoro npeflejibHoro 
nepexopia. 

fljiH MHoroMepHoro BHHepoBCKoro npon,ecea sa tana ÖHjia pemeHa B 
1960 r. BeHTBtejieM [49] H MaKraraoM H TaHana [33]. TaK me, KaK H B ojrao-
MepHOM cjiynae, HMeeT MecTO op;H03HaHHoe cooTBeTCTBHe Mem,ny HeoTpn-
î aTejibHHMH ajjflHTHBHHMH (JvHKHHOHajiaMH H HeKOTopHM KJiaccoM Mep B 
<J>a30BOM npocTpaHCTBe. Ormano, 3TOT KJiacc Mep onncHBaeTCH cjiomHee. 
(OH coßepmHT, B nacTHOCTH, Bce Mepn, oÖJiaAaiomHe orpaHHneHHOË HJIOT-
HOCTbio OTHOCHTejibHO Mepn Jleöera, a TaKme Bce Mepn e orpaHHneHHHM 
HBIOTOHOBHM noTemniajioM.) HenpepHBHOCTb COOTBeTCTBHH Memfly MepaMH 
H (j>yHKipiOHa.JiaMH öojibme He HMeeT MecTa, ormano HHTerpajiy, CTOHmeMy 
B npaBOË nacTH $opMyjiH (2) Bce me MOJKHO npnjüaTb CMHCJI e noMombio 
öojiee ocTOpomHoro npe^ejibHoro nepexo^a. 

He HCKjHoneHO, HTO TeopeMy o HenpepHBHOCTH COOTBCTCTBHH Memjjy Me
paMH H (JjyHKHHOHajiaMH MOJKHO cnacTH, ecjin npn onpeflejieHHH cjiaooË 
CXOAHMOCTH Mep paccMaTpHBaTb He oÖHHHyio TonojiorHH) eBKjiH^OBa npo-
CTpaHCTBa, a ecTecTBeHHyio Tono-nornio, CBH3aHHyio e BHHCPOBCKHM npo-
n,eccoM. BHJIO ö H HHTepecHO BHACHHTB, BepHO JIH 3TO npeAnojiomeHHe. 

4.2. IIpHMepoM HenpepHBHoro apjniTHBHoro (JjyHKHHOHa.Jia, npnHHMaiomero 
3HaneHHH pa3HHx 3HaKOB, MomeT cjiymnTb 

<Pt=f(xt)-fM, (3) 

r«e / — npoH3BOJibHan HenpepHBHan (JJVHKHHH. AHHKHH [13] nonasan, HTO He-
npepHBHHe ajüffHTHBHLie (jjyHKunoHanH OT BHHepoBCKoro npou,ecca MOJKHO no-
jiynHTb e noMombio CTOxacTHHecKHx HHTerpanoB no $opMyne 

"Ssb(Xu' q>t= b(xu)dxu. (4) 

Onnpancb Ha HeKOTopne n^en CKopoxojja [42] BeHTnejib [50], [51] p;oKa3aji, 
HTO BCHKHË HenpepHBHLIË aflftHTHBHHË <j)yHKHHOHaJI OT OftHOMepHOrO BHHe-
poBCKoro nponecca npeftCTaBjmeTCH B BiiRe cyMMH <£yHKHHOHajioB Bn,n;a (3) H 
(4). AHanorHHHHË pe3yjibTaT nojiyneH HM H P;JIH MiioroMepHoro cjiynae, HO ero 
<J)opMyjiHpoBKa HecKOJibKo cjiomHee. 
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§ 5. CyneprapMOHHHecKHe H rapMomraecKHe 4>YHKH;HH 

5 . 1 . CyneprapMOHHHecKne H rapMOHnnecKHe (JJVHKHHH nrpaioT BamHyro 
pojib B KJiaccHHecKOM aHajiH3e. 

Ojrao H3 B03MomHHx onpe,n;e.jieHHË cyneprapMOHHHecKOË $ V H K H H H Tpe-
öyeT, H T O ö H $VHKH;HH ÖHJia HenpepHBHa CBepxy H H T O ö H epejmee ee 8Ha-
neHHe n o jiioöoE c $ e p e He npeBoexoAHJio ee 3HaneHHH B ijeHrpe c $ e p n . 

n y c T b T — MOMeHT nepBoro BHxofla TpaeKTopnn BHHepoBCKoro npoi jecca 
H3 c $ e p H 8 c n;eHTpoM B TOHKC X. OneBHjrao, TOHKa xx paBHOMepHO p a c -
npeaejieHa n o e $ e p e S, H nosTOMy cpejraee SHaneHne ( JVHKHHH f no S paBHO 
Ttf(x)=Mxf(xr). TaKHM oöpa30M, OCHOBHOC HepaBeHCTBO AJIH cyneprapMO-
HHHecKHx (|yHKn,HÖ MOJKHO 3anHcaTb B BHfle Trf(x)<f(x). 30Ka3HBaeTCH, 
HTO 3T0 HepaBeHCTBO coxpaHneT CHJiy, ecjin c $ e p a c ijeHrpoM B X 3aMe-
HHeTCH npOH3BOJIbHOË KOMnaKTHOË OKpeCTHOCTbK) TOHKH X. 30Ka3HBaeTCH 
TaKme, HTO CyneprapMOHHHecKne ({JVHKIJHH HenpepHBHH B ecTecTBeHHOË 
TonojiorHH H orpaHHneHH CHH3y Ha KamjjOM KOMnaKTe. Bojiee Toro, OKa-
SHBaeTCH, HTO nepeHHCJieHHHe TpeöoBaHHH (HenpepHBHOCTb B ecTecTBeH-
H O ë TonojiorHH, orpaHHHeHHOCTb CHH3y Ha Kam^OM KOMnaKTe H Hepa
BeHCTBO Trf(x) ^f(x) flJIH KamjJOË KOMnaKTHOË OKpeCTHOCTH TOHKH x) paBHO-
CHJIbHH CyneprapMOHHHHOCTH $yHKHHH / . MH npHXOAHM K BepOHTHOCTHOMy 
onpeAejieHHK) cyneprapMOHnnecKHX (JjvHKiniË. 

9 T O onpe^ejieHHe coxpamieT CMHCJI n p n 3aMeHe BHHepoBCKoro n p o -
n;eeea Ha JIIOOOë MapKOBCKHË npoi jecc B jioKajibHO KOMnaKTHOM $a30BOM 
npocTpaHCTBe. TaKHM oöpa30M, JJJIH Kamjjoro MapKOBCKoro npoi jecca MOJKHO 
BBeCTH KJiaCC CBH3aHHHX C HHM CyneprapMOHHHeCKHX (J)yHKH,HË (1). fljIH 
npon;eccoB e HenpepHBHHMH TpaeKTopnHMH 8TO onpepieJieHHe ecTecTBeHHO 
jiOKajiH3yeTCH, TaK HTO MOJKHO roBopHTb o (JJVHKHHHX, cyneprapMOHnnecKHX 
B HeKOTOpOË OÖJiaCTH G. 

5.2. B KJiaccnnecKOM aHajiH3e 3aMeTHoe MecTo 3aHHMaeT 3aaana o npeji;-
CTaBJieHnn cyneprapMOHnnecKHX (jjyHKnnË B BHae noTeHunanoB. HbioTOHOB 
noTeHUinaji Mepn n B TpexMepHOM eBKjnmoBOM npocTpaHCTBe E npeflCTaBjmeT 
COOOë (^VHKHHIO f(x), onpejçejiHeMyio $opMyjioË 

4t \ r ^ 
f(x)= j 

jE\y-

rtdy) 

A 
(\y-x\ 03HanaeT ffJinHy BeKTopa y-x). 8 ï a <J)yHKn,HH HeoTpnuaTejibHa n cy-
neprapMOHHHHa. 

HeTpy,n;HO ;n;oKa3aTb, HTO ecjin <pf — aflßHTHBHHE (JyHKnnoHaji OT BHHe-
poBCKoro npouecca, OTBenaromnE Mepe fi, TO noTeHunaji ÄaeTCH <j)opMyjioË 

f(x) = Mxq>°0O. (5) 

EcTecTBeHHO nocTaBHTb oömyio 3ap;aHy o npeacTaBjieHnn HeoTpnuaTejibHHX 
cyneprapMOHnnecKHX (JJVHKHHë, CBH3aHHbix c npon3BOJibHHM MapKOBCKHM 
nponeceoM, B Bnp;e (5). fljin innpoKoro KJiacca nponeccoB 3Ta s a t a n a pemeHa 

(*) üpHBejjeHHoe onpeaejieHne npHHaftJiemnT ßOKJiaßHHKy [10], [17]. KaK 
noKa3aHO B [10] Kjiacc Bcex HeoTpnuaTejibHHX cynepraMOHHqecKnx (JJVHKHHë 
coBna^aeT e KJiaccoM 9KCHecenBHLix <j)yHKHHË, BBeAemmx XaHTOM [28]. 
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B paöoTax BojiKOHCKoro [46], Bem-nenn [49], MeËepa [35], I l lypa [39], [40]. 
^OKa3aHO, HTO npeßCTaBjieHne (5) B03MomHO .HJIH Bcex orpaHnneHHHx He-
OTpni^aTejibHHx cyneprapMOHnnecKHX (j)yHKnnË. nojiyneHH KpnTepnn npea-
CTaBHMOCTH flJIH HeOrpaHHHeHHHX (jjyHKUHË. 

5 . 3 . <DVHKH;HH / Ha3HBaeTCH zapMOHuuecKOÜ, ecjin $VHKH,HH / H — / 
HBJiHioTCH cyneprapMOHHHecKHMH. TapMOHHHecKHe (JJVHKIJHH HBJIHIOTCH pe-
meHHHMH ypaBHeHHH %f(x)=0, r ^ e 21 — xapaKTepncTHHecKHE onepaTop 
npon;eeca. (B cj iynae BHHepoBCKoro npoi jeeca OHH HBJIHIOTCH pemeHHHMH 
ypaBHeHHH «Jlanjiaca A/(x) = 0 . ) 

nyCTb (xt,Px) HeOÖpHBaiOmHECH HenpepHBHHË CTporO MapKOBCKHË 
npoi jecc Ha w-MepHOM TonojiornHecKOM MHorooöpa3HH E. ycjiOBHMCH r o -
BopHTb, HTO (fjyHKipiH fv ..., fn npeflCTaBjraioT COöOE eapMOHunecKue KO-
OpdUHambl BÖJIH3H X, eCJIH 3TH C^VHKIJHH HBJIHIOTCH rapMOHHHeCKHMH B 
HeKOTOpOË OKpeCTHOCTH U TOHKH X H Onpe^eJIHIOT TOnOJIOrHHeCKOe OTO-
öpameHne U Ha HeKOTopyio oÖJiacTb eBKJiHjjOBa npocTpaHCTBa. E C J I H KpoMe 
Toro BCHKan (JVHKIJHH, rapMOHHHecKan B U, HBjraeTCH <J)VHKn;HeË KJiacca 
Ck (*) OT fv ..., fn, TO MH öyjjeM roBopHTb, HTO (JJVHKIJHH f19..., fn cyTb r a p -
MOHHHecKne KoopflHHaTH KJiacca Ck. 

HeTpymio BHjjeTb, HTO ecjin B ö J I H 3 H Kam^oË TOHKH X H3 E MOJKHO BBecTH 
rapMOHHnecKHe Koop^HHaTH KJiacca Ck, TO Haöop Bcex Tannx Koop^HHaT 
onpe^ejineT B E CTpyKTypy rjiajjKoro MHorooöpa3HH KJiacca Ck. M H Ha-
30BeM ee ecmecmeeHHoä dJiadKOÜ cmpyKmypoü. 

ycjiOBHMCH roBopHTb, HTO MapKOBCKHË npoi jecc pezyjinpen e monne x, 
eCJIH BÖJIH3H X MOJKHO BBeCTH TapMOHHHeCKHe KOOpflHHaTH. B O^HOMepHOM 
cj iynae BTO ycjioBHe paBHOCHJibHO TpeooBamno, H T O ö H cymecTBOBaji H H -
Tepßaji (a,b)^>x co cjieflyiomHM CBOëCTBOM: TpaeKTopHH, HannuaiomaflCH H3 
JI IOöOE TOHKH y G {a, b) nona^aeT c nojiomnTejibHOË BepoHTHOCTbio B Kamjjyio 
H3 ToneK a,b B MOMenr nepBoro BHxojja H3 {a,b). MHTVHTHBHO HCHO, HTO B 
MHoroMepHOM cjiynae ycjioBHe peryjinpHOCTH HMeeT aHajiorHHHHË CMHCJI. 
B H J I O ÖH HHTepeCHO HaËTH COOTBeTCTBVIOmyiO TOHHyiO $opMyjinpoBKy. 

OneHb HHTepeCHO ö H J I O ö H BHHCHHTB, HacKOJibKO mnpoK KJiacc n p o -
n;eecoB, jjonycKaioiHHx ecTecTBeHHyio rjia^Kyio CTpyKTypy KJiacca Ck. 9 T H M 
CBOëCTBOM BO BCHKOM cjiynae oOJiapiaioT ( n p n k=co) Bce peryj rapHHe ofl-
HOMepHHe npo i j eecn , a TaKme Bce flH$$y3HOHHHe npon;eecH, ßjra KOTO-
p n x npoH3BOjjHm,HË flH$$epeHi^HajibHHË onepaTop HBJIHCTCH BJiJinnTHHe-
CKHM OnepaTOpOM C aHaJIHTHHeCKHMH K03$(j)HI^HeHTaMH. 

noHHTne peryjinpHOCTH npoi jeeca H noHHTHe ecTecTBeHHOË rjia^KOË 
CTpyKTypn ÖHJiH BBeaeHH HaMH AJiH HeoöpHBaiom,HxcH npoijeecoB. E C J I H 
npoi jecc MomeT oöpHBaTbcn, BTH onpeaejieHHH HeoöxojjHMO BHjjOH3MeHHTb. 
Rjm o^HOMepHoro c j iynan KoppeKTHoe onpe^ejieHHe ecTecTBeHHOË rjia^KOË 
CTpyKTypn aaHO B [IV]. B MHoroMepHOM cjiynae Tanoe onpejjejieHHe eme 
ÄOJimHO ÖHTb HaË^eHO. 

(*) Hepe3 Ck (k = 0 , 1, 2 , . . . , oo) o6o3Ha*meTCH KJiacc Bcex k pa3 HenpepHBHO 
ÄH$$epeHD[HpyeMHx <J)yHKnnË. Hepe3 C40 o6o3HanaeTCH KJiacc Bcex BenjeeTBeH-
HHX aHaJIHTHHeCKHX (j>yHKHHË. 



MAPKOBCKHË HPOIJECCH H 3ARAHH AHAJIH3A 4 7 

§ 6. Iïpeo6pa30BaHHH MapKOBCKHx npou;eccoB? CBœaH-
HBie c a/wHTHBHtiMH (JDymciiHOHajiaMH 

6 . 1 . 3HaHne ajwHTHBHHX <{)yHKn;HOHajiOB OT MapKOBCKoro npoijecea no-
8BOjmeT CTpoHTb no 3TOMy npon;ecey pna HOBHX MapKOBCKHx npon;eccoB. 

M H paccMOTpHM HecKOJibKO onepaniiË Haa MapKOBCKHMH npon;eccaMH. 
Ojma H3 HHX — nocTpoeHHe nomipoijecca (x). 9Ta onepannn COCTOHT B TOM, 
HTO TpaeKTopHH npoijeeca xt oöpHBaeTCH B HeKOTopnË MOMeHT f. n p n sa-
flaHHOË TpaeKTopHH MOMeHT £ ocTaeTCH cjiynaËHHM, H üJJIH Toro, HTOöH 
onpeflejiHTb no;mpon;ecc, Hajjo 3a«aTb cooTBeTCTByiomee ycjioBHoe pacnpe-
AiejieHHe BeponTHOCTeË. OKa3HBaeTCH, HTO Bce 3TH ycjiOBHHe pacnpeaejie-
HHH CBH3aHH c aAflHTHBHHMH $yHKn;HOHajiaMH OT ncxojmoro npon;ecca. 
HMeHHO, eCJIH <pl aTOHTHBHHË (fïVHKniiOHaJI, HeOTpHI^aTeJIbHHË H He-
npepHBHHË OTHOCHTejibHO t, TO MOmHO nOCTpOHTb nOflnpOIieCC, flJIH KOTO-

"- 0 

poro ycjioBHan BepoHTHOCTb COöHTHH £>£ paBHa e*-9'*. 
PaccMOTpHM npocTeËmnË cjiynaË, Kor^a (JvHKipiOHaJi tp\ Ba^aeTCH $op-

MyjioË 

<pt=\ V(xu)du (6) 

(V(x) — HenpepHBHan HeoTpnuaTejibHan $VHKI^HH.) JlerKO nojjCHHTaTb, 
HTO B 3TOM cjiynae ycjioBHan BepoHTHOCTb COöHTHH t^Ç<t+dt paBHa 
V(xt)dt + o(dt) H, cjieflOBaTejibHO, TpaeKTopHH, Haxo^HmancH B HeKOTopnË 
MOMeHT t B TOHKe x, oöpHBaeTCH sa BpeMH dt c BepoHTHOCTbK) V(x)dt+o(dt) 
HesaBHCHMO OT xapaKTepa jjBHmeHHH ffo MOMeHTa t. ECJIH oöopßaTb TaKHM 
oöpasoM 3H4>(J)y3HOHHHE npoijece c npoH3BOflHmHM flH$(i)epeHn;HajibHbiM 
onepaTopoM L, TO HOJIVHHTCH flH(f)({)y3HOHHHË npon;ecc c npoH3BO#HmHM 
onepaTopoM 

Lf-Lf-VfC). 

<DVHKH,HIO V(x) ecTecTBeHHO Ha3BaTb njiomnocmbjo eepoamuocmu oôpuea. 
fljiH mnpoKoro KJiacca npoijeeeoB aTa njioTHOCTb MomeT ÖHTb onpe^ejieHa 
fljiH Kamfloro nojmpon;eeea, TOJibKO, Booöme roBopn, OHa HBJIHCTCH OöOö-
meHHOË $yHKH,HeË. 

noHCHHM 3T0 yTBepmfleHue fljin cjiynan BHHepoBCKoro npon;eeca. J^JIH. 
TaKoro npon,ecca KamjjHË HeoTpnnaTejibHHË ajwHTHBHHË $yHKHHOHaji 
xapaKTepH3yeTCH HeKOTopoË MepoË pi. Cjie#OBaTejibHO, Kam^HË nojmpo-
n,ecc BHHepoBCKoro npoijecca TaKme xapaKTepH3yeTCH HeKOTopoË MepoË pi. 
npoH3BOAHan dpijdx Mepn pt OTHOCHTejibHO Mepn Jleöera HBjmeTCH oöoö-
meHHOË ^yHKiïneË, H aTa <J)VHKHHH npejüCTaBjmeT COOOë ecTecTBeHHoe oö-

oömeHne BBeneHHOË BHme HUOTHOCTH BepoHTHOCTH oöpHBa. Mepy pi MH 
Ha30BeM yöueaioiqeü Mepoü: ecjin HJIH HeKOTopoË oÖJiacTH G pi(G)=Q, TO 
TpaeKTopHH npoijecca c BepoHTHOCTbK) 1 He oöpHBaeTCH B oÖJiacTH G; Ha-

(*) CM. [11], [17]. 
(2) 8TOT pe3yjibTaT jierKO cjiejiyeT H3 oômeË TeopeMH ycTaHaBJinBaioineË 

aHajiornHHyio CBH3b HH$HHHTe3HMajibHHMH onepaTopaMH nponecca n no^npo-
neeca (CM. [4]). 

7-622036 Proceedings 
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npoTHB, ecjin 3HaneHHe pi(G) BCJIHKO, TO nacran t HMeeT Majio maHCOB npo-
ëTH oöJiacTb G, He nornÖHyB. 

6.2. PaccMOTpHM «ajiee npeoÖpa30BaHne MapKOBCKoro npoijeeca (xt,Px), 
npn KOTOPOM TpaeKTopnn He MCHHIOTCH, a MepH npeo6pa3yiOTCH no (j>opMyjie 

Px(dœ)-Ç(a>)Px(dœ). 

HTOöH napa (xt,Px) 3a;a;aBajia MapKOBCKHË npouecc, ôcTaTOHHO nojiomnTb 

r^e (pi (0 <s <t<°°) — aaffHTHBHHË $yHKH,noHaJi, y;o;oBJieTBopHioiHHË ycjiOBHio 

Mxe~<p°«>=l. 

J^Jifi BHHepoBCKoro nponecca <J)yHKHHOHaJiH <p, yAOBjieTBopmomne nocjiejnieMy 
ycjiOBHio, MOJKHO CTpoHTb no <|>opMyjie 

(pt \ b(xu)dxu + - I b(xufdu. 

(nepBHË HJieH npeftCTaBJineT COôOë CTOxacTnnecKHE HHTerpaji, ^VHKHHH b(x) 
npnHHMaeT BeKTopHHe 3HaneHHH n b(x)2 03HanaeT ee CKannpHbiE KBajnoaT). 
Ilpn npeoöpa30BaHHH Mep, oTBenaiomeM 3T0My (JjyHKunoHajiy, H3 BHHepoBCKoro 
nponecca nojiynaeTCH 3;n$$y3HOHHHË nponecc e npoH3Bo,n;HinHM ftH^epeH-
î najibHHM onepaTopoM 

Lf=M-2bt(x)j-
dXi 

(bt(x) — ;a;eKapTOBH KOopjpraaTH BeKTopa b(x)). 

6.3. B Kam^OM H3 paccMOTpeHHtix HaMn cjiynaeB nocTpoeHne HOBoro Map-
KOBCKoro npon.ecca nponcxojprr e noMombio HeKOToporo awniTHBHoro $VHK-
nnoHana tpi. IlpocTaH BHKjiaftKa nonasHBaeT, HTO nepexo^Han $yHKn,HH npe-
oöpa30BaiiHoro npon,ecca 3a#aeTCH Kamji;HË pa3 OJUHOë H TOë me <J>opMyjioË 

t,x,T)= f 
J*i* 

P(t,x,T)= I e-^tP^dco) . 
t*T 

B HacTOHiuee BpeMH H3BecTeH oömnpHHE KJiacc npeoÖpa30BaHHE, oöjiaaaio-
mnx TeM me CBOëCTBOM (CM. [14], [17]). Ilpn Kam^OM H3 BTHX npeoopa30BaHHË 

oöpHBaeTCH TpaeKTopHH npon,ecca n B TO me BpeMH onpe^ejieHHHM oöpa30M 
npeoÖpa3yioTCH Mepn Px. K nncjiy Hanöojiee BamHHX npnMepoB TaKnx npe-
OÖpa30BaHHE OTHOCHTCH npeOÖpa30BaHHe, CBH3aHHOe e aaanTHBHHM (JjyHKinio-
HaJIOM 
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TAO / — noJiojKHTejibHaH cyneprapMOHnnecKan <j)yHKnnH (x). Ilpn 3TOM npe-
«•ripa30BaHHH nepexoffHan <j)yHKnnH npeoÖpa3yeTCH no <J)opMyjie 

/(*)Jr 
PfrX'T)-— P(t,x,dy)f(y). 

6. 4. BecbMa BamHoe MecTO 3aHHMaeT B Teopnn MapKOBCKHx npoijeccoB 
vAiftaünaa 3aMeua epeMenu, BnepBHe CHCTeMaTHHecKH H3yneHHaH BOJI-
isoiiCKHM [45], [46] (CM. TaKme HTO H Maraora [32]). 9 ï a onepaipra COCTOHT B 
TOM, HTO BflOJIb KamflOË TpaeKTOpHH Xt(œ) BBOftHTCH HOBOe BpeMH TJ(Cü), 
ApyrHMH cjiOBaMH, BMCCTO npoijecea (xt,Px) paccMaTpHBaeTCH napa (xtt,Px). 
«DyHKiiiHH rt(ca) flOJimHa öHTB, KOHCHHO, HenpepHBHoË H B03pacTaiom.eE 
i|>yHKu;HeË OT t. Bo3HHKaeT Bonpoc: KaK BHÖpaTb cpean Taraix $VHKI];Hë Bce 
«IiyHKî HH, HJiH KOTopnx napa (xrt,Px) onpeAejineT MapKOBCKHË npon;eec. 
(hcasHBaeTCH, fljra aToro #0CTaT0HH0 paccMOTpeTb BceB03MomHHe a ^ H -
TiiBHue $yHKi^H0HajiH <pst(co) OT npoijeeca (xt,Px), HenpepHBHHe OTHOCH-
TCJibHO t H nojiomHTejibHHe npn JIIOöHX t>s>0, H nocTpoHTb RJIH Kam^oro 
TüKoro $yHKD[HOHajia (JjyHKiniio rt{co), oöpaTHyio AJIH (|)yHKnHH (p°t(co). 
UpocTeËmHM npHMepoM aAAHTHBHoro $yHKii;HOHajia, yaoBJieTBopHm,ero 
BceM Heoöxo^HMHM ycjiOBHHM, HBjiHeTCH <J)yHKHH0Haji (6) npn nojiomn-
TCJIbHOË (JyHKIJHH V(x). 3HaneHHe tt HaXOflHTCH H3 COOTHOmeHHH 

| V(xu)du = t. 

HCHO, HTO drtldt=V(xrt)~
1 H, cjiejjoBaTejibHO, 3aMeHa BpeMeHH CBOJPïTCH 

H TOMy, HTO B KamjjoË TOHKe x flBHmeHHe ycKopneTCH (HJIH 3aMep;jiHeTCfl) c 
K08(j)<|)HHHeHT0M V(x). 

Booöme npn cjiynaËHOË 3aMeHe BpeMeHH «KapTa TpaeKTopnË» npon;ecca 
ne MeHHeTCH. noaTOMy He MCHHIOTCH BCPOHTHOCTH, xapaKTepH3yiom.He no-
jiomeHHe n a c r a n t B MOMCHT nepBoro BHxojja H3 jiioöoro OTKpHToro MHO-
mecTBa G (MH HasHBaeM HX JJJIH KpaTKOCTH eeposannocmsiMu euxoda). EcTe-
CTBeHHO CnpOCHTb, BHTeKaeT JIH H3 COBnafleHHH BepOHTHOCTeË BHXOfla 
AJiH pByx MapKOBCKHx npoijeccoB, HTO Kam^HË H3 HHx MOJKeT ÖHTb no-
jiyneH H3 apyroro nocpeflCTBOM cjiynaËHOË 3aMeHH BpeMeHH. B cjiynae, 
IÇOr̂ a OflHH H3 npOUjeCCOB BHHepOBCKHË, nOJIOmHTeJIbHHË OTBeT Ha 3T0T 
Bonpoc ,n;aeTCH B paöoTe MaKKHHa H TaHana [33]. B paöoTe BjiioMeHTajiH, 
PeTypa H MaKKHHa [1] 3TOT pe3yjibTaT pacnpocTpaHneTCH Ha nrapoKHË 
KJiacc npoDieccoB. 

nycTb 21 — xapaKTepncTHHecKHË onepaTop HeKOToporo npon,ecea, H 
21 — xapaKTepncTHHecKHË onepaTop npoijecea, nojiyneHHoro noepeßCTBOM 
cjiynaËHOË saMeHH BpeMeHH. B $opMyjie, onpe,o;ejraioin;eË 2I/(#) nncjiHTejib 
iiupamaeTCH nepe3 / H BepoHTHOCTH BHXOfta, a 3HaMeHaTejib He 3aBHCHT OT 
/. noaTOMy HJIH Bcex $VHKH;Hë /, BxoflHmHx oßHOBpeMeHHO B oÖJiacTH 
oiipejjejieHHH 2ï H %, OTHomeHne 2l/(#)/$/(#) npHHHMaeT O^HO H TO me 3Ha-
«iCHHe. 0Ö03HanaH ero nepe3 V(x), HMeeM $opMyjiy 

tf(x) = V(xy1(äf(x). 
i1) 3TO npeoöpa30BaHne CTPOHTCH npn ßonojranTejibHOM npe^nojiomeHnn, HTO 

/ npeÄCTaBHMO B Bn^e (5). 

http://B03pacTaiom.eE
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Onnpancb Ha aTy $opMyjiy, HeTpyjrao flOKasaTb, HTO AH$$y3HOHHHË npo-
n;ece c npoH3BOflflmHM flH$$epeHE[HajibHHM onepaTopoM L MOJKHO nojiy-
HHTb nocpe^CTBOM cjiynaËHOË saMCHH BpeMeHH H3 ftH$(j)y3HOHHoro npo
necca c npoH3BOflflm,HMH flH^epeHnHajibHHM onepaTopoM L Tor^a H TOJibKO 
Tor^a, Kor^a L = V^XL, iyje V(x) — HeKOTopan nojiomHTejibHan <j)yHKn;HH. 
n p n 3T0M aaMeHa BpeMeHH MomeT öHTB ocymecTBjieHa c noMombio a#jra-
THBHoro (J>yHKinioHajia (6). 

§ 7. 06o6m;eHHoe 6poyHOBCKoe ABiDKeHHe 

7. 1. yCJIOBHMCH Ha3HBaTb OÔOOlUeHHblM ÔpoyHOSCKUM deUMCeHWM BCH-
KHË MapKOBCKHË HpOIjeCC, KOTOpHË MOJKHO nOJIVHHTb H3 BHHepOBCKOrO 
npoijecca nocpeflCTBOM onepaipiË oöpa30BaHHH nomipoijecca H cjiynaËHOË 
3aMeHH BpeMeHH. JIroöoe HHCJIO Tannx onepaipiË MOJKHO 3aMeHHTb ojraoË 
onepanjHeË oöpa30BaHHH nomipoijecca H ojraoË onepaipieË cjiynaËHOË sa-
MeHH BpeMeHH. KaK yme roBopnjiocb, Kam^an H3 3THX flByx onepauHË 
onpeflejineTCH ajraHTHBHHM (JïVHKijHOHajiOM. 9TH (pyHKijHOHajiH HaxoflHTCH 
BO B3aHMHO 0jm03HaHH0M COOTBeTCTBHH c onpeaejieHHHMH KJiaccaMH Mep. 
TaKHM oöpa30M, BCHKoe oooomennoe öpoyHOBCKoe ^BHrneHHe xapaKTepn-
3yeTCH flBVMH MepaMH: nepBan — mjoueawiuasi Mepa» pi 3ajjaeT, KaKHM 
oöpa30M BHHepoBCKHË npoijeec oöpHBaeTCH; BTopan — «Mepa cKopocmu» v 
onpeftejraeT cjiynaËHyK) aaMeHy BpeMeHH. 

HeTpyjrao BH^eTb, HTO BepoHTHOCTH BHxojja oöoömemioro öpoyHOBCKoro 
.HBHmeHHH MamopnpyioTCH BepoHTHOCTHMH BHxofla BHHepoBCKoro npo-
mecca. KaK noKasaji He^aBHO Illyp, JJJIH BecbMa nrapoKoro KJiacca npo-
ijeceoB 3TO TpeöoßaHHe He TOJIBKO Heooxo^HMO, HO H ßocTaTOHHO fljiH Toro, 
HTOÖH npOH,eCC HBJIHJICH OÖOÖlHeHHHM ÖpOyHOBCKHM flBHJKeHHeM. 

7 . 2 . PaccMOTpHM öpoyHOBCKoe ßBnmeHHe c yonnaiomeË MepoË pi H MepoË 
CKopocTH v. ECJIH cymecTByioT HenpepHBHHe npoH3BOAHHe dpijdv n dv/dx>0, 
TO 3T0T npOüieCC HBJIHeTCH flH$$y3HOHHHM H erO np0H3B0flHm,HË Rnfyfye-
peHEçnajibHHË onepaTop paBeH 

dx 

B oömeM cjiynae paBeHCTBy (7) MOJKHO npn^aTb CMHCJI, ecjin nepenncaTb 
ero B BHfle 

H noHHMaTb dvjdx, A/ H dpi/dx KaK oooomemme (JJVHKIJHH (*). 3oKa3HBaeTCH, 

f1) IlpoH3BefleHHe fdfijdx=g onpenejineTCH KaK $yHKHHOHaji Ha $HHHTHHX 
ÖecKOHeHHo ^H^^epeHi^npyeMHx (JJVHKHHHX, 3ap;aHHHË <$opMyjioË 

g(<p)~ \<pfdp f 
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«ITO ecjin Lf onpeflejieHO BTHM paBeHCTBOM H $VHKE[HH f inLf HenpepHBmj 
ii ecTecTBeHHOË TonojiorHH, TO / npnHafljiemHT oÖJiacTH onpeaejieHHH xa-
paKTepncTHHecKoro onepaTopa 21 H %f=*Lf. OTnpaBjiHHCb OT aToro onn-
caHHH onepaTopa 21 MomHO onncaTb H HH(|)HHHTe8HMajibHHË onepaTop A (1). 

OnepaTop L MOJKHO onpejjejiHTb TaKme ejieayromHM oÖpa30M. IlycTb / — 
rJiyHKî HH TOHKH H ip — Mepa co BHaKOM. ycjiOBHMCH nncaTb y) = iF/, ecjin 
d\pjdx= -Af (jieBHe n npaBHe nacTH noHHMaiOTCH KaK oöoömeHHHe ^yHKinra). 
/I,ajiee, nycTb pi — HeKOTopan Mepa. Ey^eM nncaTb \p = [if, ecjin dip/dfj, =/ . Tor#a 

av 

JĴ JIH BHHepoBCKoro npon,ecca 

d 
Z, = — Y . 

dx 

7. 3. Ha aHajiHTHHecKHx 3aflan, CBnsaHHHx c oöoömeHHHM öpoyHOBCKHM 
ĵ BHmeHHeM, MH paccMOTpHM ppe saflann: 1) nsyneHne rapMOHHHecKHX 
^VHKI^Hë; 2) H8yneHHe nepexomioË $VHKI^HH. 

3oKa3HBaeTCH, HTO (JJVHKIPIH / HBjineTCH rapMOHHHecKOË HJiH öpoy-
HOBCKoro flBHmeHHH c yOHBaiom.eË MepoË pi, Tor^a H TOJIBKO Torjja, Kor^a 
OHa HenpepHBHa B ecTecTBeHHOË TonojiorHH H vflOBJieTBopneT ypaBHeHHH) 

" - £ ' <8> 
(npaßan H jieBan nacTH noHHMaroTCH KaK oöoömeHHHe (JVHKIJHH). H S oomeË 
TeopHH rapMOHHHecKHX (JJVHKIJHë, CBH3aHHHx c MapKOBCKHMH npoijeccaMH, 
BHTeKaioT npocTne ycjiOBHH cymecTBOBaHHH H ê HHCTBeHHOCTH pemeHHH 
3affaHH JJnpHXJie AJIH ypaBHeHHH (8) H HBHHC BepoHTHOCTHHe (f)opMyjiH, BH-
pamaioinne 8TO pemeHHe. nycTb, B nacTHOCTH, Mepa pi cocpejjOToneHa Ha 
HeKOTopoË rjiajjKOË noBepxHocTH 8 H HMeeT TaM HenpepHBHyio njiOTHOCTb Q 
Torjja ypaBHeHHe (8) CBO^HTCH K ypaBHeHHio Jlanjiaca BHe S H TpeöoBa-
HHK), HTOöH $VHKHHH / HcnHTHBajia npn nepexojje nepe3 S cnanoK Hop-
MaJIbHOË npOH3BOAHOË, paBHHË /o (2). 

OTHOCHTejibHO nepexojraoË $yHKnHH oöoöm,eHHoro öpoyHOBCKoro JJBH-
meHHH H3BecTHO nona eme HeMHoro. B omiOMepHOM cjiynae P(t,x,r) KaK 
$yHKn;HH OT JT HMeeT OTHOCHTejibHO Mepn CKopocTH v njiOTHOCTb p(t,x,y)9 

CHMMeTpHHHyio OTHOCHTejibHO xmy. (.IJJIH npoijeecoB c HyjieBOË yÖHBaK)m,eE 
MepoË 3TO öHJIO BnepBHe AOKa3aHO BeHTijejieM [52].) BepHO JIH aHajiornHHoe 
yTBepjKflemie #JIH MHoroMepHoro cjiynan, ocTaeTCH HeH3BecTHHM. 

(*) B cjiynae, Kor^a yönBaroman Mepa paBHa Hyjiio, HH<j)HHHTe3HMajibHHe 
onepaTopn onncaHH MaKKHHOM n TaHaKa [33]. OömnE cjiynaË paccMOTpeH B 
[16], [17]. 

(2) 3TO 30Ka3aHO MojinaHOBHM. 
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§ 8. KaK ycTpoeH O6IU;HH HenpepBiBHBiö CTporo 
MapKOBCKHÖ npoijecc? 

8 . 1 . OjmoË H3 Hanöojiee aKTyajibHHX 3aflan Teopnn MapKOBCKHx npo-
i^eccoB HBJineTCH BHHCHeHne CTpoeHHH Hanöojiee oönjero HenpepHBHoro 
CTporo MapKOBCKoro npoijecca Ha TonojiornnecKOM MHorooöpa3HH E. Ofl-
HOMepHHË cjiynaË B HacTonmee BpeMH HcejiejjOBaH nojmocTbio. HMCIOTCH HC-
KOTopne noflxoflH H K MHoroMepHOMy cjiynaK). 

HaHHeM c npoijeecoB, aaflaHHHx Ha OTKPHTOM HHTepBajie (rv r2). $ 0 -
Ka3HBaeTCH, HTO ecjin H3 KamjuOË TOHKH HHTepBajia TpaeKTopnn MomeT no-
nacTb c nojiomnTejibHOË BepoHTHOCTbK) B jiioöyK) apyryio TOHKy, TO npoijece 
MOJKHO nojiyHHTb noepejjCTBOM MOHOTOHHoro HenpepHBHoro npeoöpa30-
BaHHH $a30Boro npocTpaHCTBa H3 HeKOToporo oooomemioro öpoyHOBCKoro 
ABHmeHHH. flpyrHMH cjiOBaMH, ero MOJKHO nojiynnrb H3 BHHepoBCKoro npo-
ijecca, noejieflOBaTejibHO BHHOJIHHH Tpn onepaipoi: oöpa30BaHHe nomipo-
n;eeea, cjiynaËHyio 3aMeHy BpeMeHH H npeoöpa30BaHHe KOop^HHaT. ECJIH 
npoijeec HeoöpHBaronpnicH, TO H3 3THX Tpex onepaiprË HymHH TOJIBKO jjpe 
nocjiejraHe. 

CXO^HHE pe3yjIbTaT MOJKHO nOJiyHHTb H OTHOCHTejibHO HeOOpHBaiOD^HXCH 
HenpepHBHHX CTporo MapKOBCKHx npoijeeeoB Ha TonojiorHnecKHx MHoro-
oöpa3HHx Jiioöoro HHCJia H3MepeHHË. OjmaKO, B oönjeM cjiynae HCXO^HHM 
MaTepnajiOM #JIH nocTpoeHHH cjiymHT He TOJIBKO BHHCPOBCKHë npoijecc, HO 
H n;ejiHË KJiacc npoineceoB, OJIH3KHë K KJiaccy an$(|)y3H0HHHx npoijeceoB 
(MH Ha3HBaeM 3TH npoijeccn KBa3H3H$(|)y3H0HHHMH). K TOMy me CBe^eHHe 
K KBa3HflH<|><|)y3HOHHbiM npoijeccaM y^aeTCH npoBecTH TOJIBKO jiOKajibHO H 
npn HeKOTopnx orpaHHHeHHHx, KOTopne Hym^aiOTCH B aajibHeËmeM aHa-
jiHse. 

8. 2. HanoMHHM, HTO HenpepHBHHË CTporo MapKOBCKHË npoijecc Ha3H-
BaeTcn ji;H$(|)y3HOHHHM, ecjin ero xapaKTepncTHHecKHË onepaTop onpejjejieH 
Ha Bcex flHamßH HenpepHBHO ,n;H$$epeHn;HpyeMHX (^VHKIJHHX. HTOöH nojiy-
HHTb onpejjejieHHe Kea3udu00y3uoHHO8o npoijecca, «ocTaTOHHO 3aMeHHTb 
3,niecb xapaKTepncTHHecKHE onepaTop Ha Kea3uxapaKmepucmunecKuü onepa
Top, KOTopnË onpe^ejineTCH cjieayioiHHM oöpa30M. nycTb / H F — <f>vHKHHH, 
3aji;aHHHe B HeKOTOpOË OKpeCTHOCTH TOHKH X H nyCTb flJIH KamflOË AOCTa-
TOHHO MaJIOË OKpeCTHOCTH U 3T0Ë TOHKH 

TT(U)f(x)-f(x)=Mx\ F(xs)ds. 

(r(U) — MOMeHT nepBoro BHxoaa H3 17.) Torjja MH roBopHM, HTO / npn-
HaAJiemHT oÖJiacTH onpeaejieHHH KBa3HxapaKTepncTHHecKoro onepaTopa 
21 B TOHKe x H %f{x) = F(x). ECJIH <ì>VHKHHH F HenpepHBHa B TOHKe X, TO 
2I/(#) TaKme paBHO F(x), TaK HTO KBa3HxapaKTepHCTHHecKHË onepaTop 
coBnajüaeT c xapaKTepncTHHecKHM (1). 

(r) AHaJIOrHHHHM 06pa30M MOJKHO BH,0iOH3MeHHTb Onpe^eJieHHe HH(|>HHHTe3H-
MajibHoro onepaTopa. ycjiOBHMCH roBopHTb, HTO (fjyHKnnn / npnHafljiemnT oöjia-
CTH onpe,n;ejieHHH KBa3HHH$HHHTe3HMajibHoro onepaTopa Â n Âf =F, ecjin 

f-''ï.T> Ttf-f= TsFds, (t>0). 
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8. 3. PaccMOTpHM Tenepb npoH3BOJibHHË HeoopHBaronpiËeH HenpepHB-
H H ë CTporo MapKOBCKHË npoijece (xt,Px) Ha MHorooöpa3HH E. nocTpo-
eHHe, CBOflnnjee TaKOË npoijecc K KBa3HAH$$y3HOHHHM npoijeccaM, oc-
HOBaHO Ha nOHHTHH rapMOHHHeCKOË $yHKÎ HH H aAflHTHBHOrO <|>yHKn;HO-
Hajia. OcHOBHan Hflen nocTpoeHHH npHHaßjiemHT CKopoxo^y [43]. GKopo-
xoR noKa3aji, HTO KamjjoË nape rapMOHHHecKHX $yHKHHË f,g MOJKHO CO-
HOCTaBHTb HenpepHBHHË ajüflHTHBHHE <£yHKH;HOHaJI Ç??(/,^), KOTOpHË 
onpeflejineTCH cjiejjyiomHM oöpa30M (x). PasoöbeM OTpe30K [s,t] Ha Mejmne 
OTpe3KH [uk,uk+1], cocTaBHM npoH3Be,ueHHe npnpameHHË (JVHKIJHë f(xu) H 
g(xu) Ha KamßOM H3 MejiKHx OTpe3KOB. CyMMa 3THX npoH3BefleHHË npn 
max |%+ 1— % | - > 0 cxoAHTCH B epemieM KBa^paTHnecKOM K (pi(f9g)-

nycTb fv ..., fn — rapMOHHnecKHe KOop^HHaTH BöJIH3H TOHKH x. nojio-
JKHM 

y?=2 ?>?(/„/,)• 

Onnpancb Ha TeopeMy PaAOHa-HnKOjpiMa, MOJKHO noKa3aTb, HTO 

<Pt{fufi)= I «y(*u)<fy>£-

GffejiaeM cjiynaËHyio 3aMeHy BpeMeHH, OTBenaioinyio $yHKH,HOHajiy <pl (2). 
M H nojiyHHM KBa3HflH$$y3HOHHHË npoijeec c npoH3BOßfflHHM p;H(j)$epeH-
qnajibHHM onepaTopoM 

2*ti(x) dxt dXj 

ECJIH Koa$$Hi^neHTH atj(x) HenpepHBHH, TO 3TOT npoijecc HBjraeTCH nn$-
$y3HOHHHM. 

YcjioBHe cym,ecTBOBaHHH rapMOHHHeCKOË CHCTCMH KOOpjpraaT HBJIHCTCH, 
KaK MH yme roBopnjiH, HeKOTopHM ycjioßneM peryjrapHOCTH npoijeeea. 
TaKHM oöpa30M HCCJieflOBaHHe jioKajibHoro CTpoeHHH JIIOöHX peryjinpHHX 
HeoöpHBaiom,HxcH HenpepHBHHx CTporo MapKOBCKHx npoijeecoB CBOAHTCH 
K H3VHeHHK) KBa3H,n[H(|)$y3H0HHHx npoijeecoB. 

fl,0Ka3HBaeTCH, HTO KBa3HxapaKTepncTHHecKHË onepaTop HBJineTCH paeinnpe-
HneM onepaTopa Â. 

(*) CTporo roBopn, pe3yjnyraT CKopoxojja OTHOCHTCH K rapMOHnnecKHM^yHK-
UHHM, nOffHHHeHHHM fljOnOJIHHTeJIbHOMy yCJIOBHK): npn 11 0 

BupPx{\f(xt)-f(x)\>e} = o(t) 
X 

ftJiH JiioÖoro e>0. 3Ty oroBopny Ha^o HMeTb B BHjjy n B aajibHefimeM. 
(2) OyHKi^noHajiH q>*{fiffj) H <Pt onpeAeJieHH 30 MOMeHTa T nepBoro BHxojja 

H3 OKpeCTHOCTH, B KOTopoË onpejjejieHbi rapMOHHnecKHe KoopjniHaTH. CjiyqaË-
iian 3aMena BpeMeHH npoBOßnrcH nocjie Toro, KaK HCXO^HHE npoi^ecc oöopßaH 
B MOMeHT T. 
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§ 9. HeoTpimaTejiBHBie rapMomraecKHe ^yBmjjm H 
npe^ejiBHoe noBe^emie TpaeKTopHH MapKOBCKoro 
npoixecca. 

9 . 1 . B 1941 r. MapTHH [34] HCCJiejjOBaJi MHomecTBO Bcex HeoTpni^aTejib-
HHx pemeHHË ypaBHeHHH JIanjiaca B nponaBOJibHOË oÖJiacTH G eBKjiHflOBa 
npocTpaHCTBa. 3HaneHHe KOHCTpyraniË MapTHHa JJJIH Teopnn Beponrao-
CTeË öHJIO BHHCHeHO B paöoTax .JÔiyôa [3] H XaHTa [29]. JJyö H XaHT pac-
CMaTpHBajiH rapMOHHnecKHe fyymmjm, CBH3aHHHe c AHCKPCTHHMH ijennMH 
MapKOBa. CjiynaË mi<j><|>y8HOHHHx npon;eccoB öHJI HSVHCH Hê aBHO IIIypoM 
[41]. 

M H HaHHeM co cjieflyiom.eE KOHKpeTHOË sa^ann. nycTb ajuraneoHft c 
aaKpenjieHHHM ijeHrpoM H $HKcnpoBaHHHM oöteMOM cjiynaËHO H3MeHHeT-
CH (noBopaHHBaeTCH H pacTHrHBaeTcn). npejmojioJKHM, HTO 3TOT npou,ecc 
HBJineTCH MapKOBCKHM, HenpepHBHHM H HHBapnaHTHHM OTHOCHTejibHO rpyn-
HH a$$HHHHx npeoopaaoBaHHË, He MeHHiomnx oöi»eMa. MTO öy^eT nponc-
xoflHTb c ajiJiHncoHflOM npn t -> oo ? 

^OKaaHBaeTCH (CM. [15]), HTO C BepoHTHOCTbK) 1 rjiaBHHe HanpaBJieHHH 
ajijinncoHflia CTpeMHTCH K onpejjejieHHHM npeaejibHHM nojiomeHHHM H 
ajijiHncoHfl cnjiromHBaeTcn; TOHHee, ecjin Qi^Q2^Qz — AJIHHH ero nojiy-
OCeË, TO C BepOHTHOCTBH) 1 

loge,—, jüfi^o, ] ! * ê - * - I . 

MHOmeCTBO BCeX aJIJIHHCOHflOB C SaKpenJieHHHM IjeHTpOM H $HKCHpOBaH-
HHM oö̂ eMOM npeflCTaBJineT COOOë HeKOTopoe rjiaflKoe MHorooöpasne, H 
cjiynaËHoe flBHrnemie, KOTopoe MH paccMOTpejin, HBJineTCH flHcfxpysHOHHHM 
npon;eccoM Ha 3TOM MHorooöpa3HH. nycTb Booöme Ha HeKOTopoM rjiâ KOM 
MHorooöpa3HH E sa^aH m*$(j)y3H0HHHE npoijecc c npoHSBOjoirnHM ji&fyfye-
peHî najibHHM onepaTopoM L. OKa3HBaeTCH, HTO Bonpoc o npejçejibHOM 
HOBefleHHH TpaeKTOpHH npH £->oo TeCHO CBH3aH C BOHpOCOM O CTpoeHHH 
MHomecTBa Bcex OTBenaronrax npoijeccy HeoTpHiraTejibHHX rapMOHHHecKHX 
(JVHKIJHë, T. e. pemeHHË. ypaBHeHHH Lf=0. OoosHannM aTO MHomecTBO 
nepea K H Ha30BeM CJVHKIJHIO / G K MHHHMajibHOË, ecjin ee Hejib3H pasjio-
mHTb Ha cyMMy msyx He nponopnHOHajibHHx flpyr npyry (JJVHKIPïë H3 K. 

B cjiynae, Korjja L — onepaTop «Jlanjiaca B ê HHHHHOM mape, TO MHHH-
MaJIbHHe (JjVHKIJHH OnHCHBaiOTCH $opMyjioË 

îe(X) \X-Q\*' 

rjje \Q\ = 1 (nepe3 \x\ oöo3HanaeTCH eBKJiH^OBa fljiHHa BeKTopa x). TaKHM 

OÖpaSOM, MHHHMaJIbHHe (JjVHKIJHH HaXOflHTCH BO B3aHMHO OflH03HaHHOM 
COOTBeTCTBHH C TOHKaMH rpafflfflH HCXOflHOrO mapa. OKa3HBaeTCH, HTO H B 
oömeM cjiynae MomHO norpy3HTb $a30Boe npocTpaHCTBO E B HeKOTopnË 
KOMHaKT TaKHM OÖpaSOM, HTO MHHHMaJIbHHe (̂ yHKIJHH OKa3HBaiOTCH BO 
B3aHMHO OflH03HaHHOM COOTBeTCTBHH C HCKOTOpOË HaCTbH) rpaHHIJH E 

http://cjieflyiom.eE
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(3Ta rpaHHi^a HasHBaeTCH rpaHHijeË MapTHna). JJoKasHBaeTCH, HTO BCHK8JI 
iieoTpniraTejibHaH rapMOHHHecKan $ V H K ^ H / aanncbmaeTCH B BHJU3 HHTC-
rpajia 

J. fQ{x)p(de), 

upnneM Mepa pi ojraosHaHHO onpejjejiHeTCH no /. B nacraocTH, B npejrao-
jiomeHHH, HTO L1=0 (*), HMeeM 

1 = !/«(*)/*o(^e)-

^OKaaHBaeTCH, HTO TpaeKTopnn npoijecca BXOJJHT C BepoHTHOCTbK) 1 B 
onpeflejieHHyio TOHKy rpaHHipa: MapTHna H BepoHTHOCTb Toro, HTO aTa Tonna 
npHHaflJiemHT MHomecTBy r, «aeTCH «JopMyjioË 

j fe(x)MdQ)-

TaKHM oöpasoM, fQ(x) npeflCTaBjraeT COOOë njiOTHOCTb BeponTHOCTH Bxomfle-

HHH B TOHKy 0 flJIfl HaCTHniJ, OTHpaBJIHIOmeËCH H3 TOHKH X. 
C$opMyjiHpoBaHHHË BHme pe3yjibTaT o npejjejibHOM noBefleHHH AH$$VH-

flHpyrom,ero ajuranconaa nojiyneH HMCHHO TaKHM nyTeM. Bnönpan KaKOË-
HHÖyflb opTOHopMnpoBaHHHË öasHC B eBKjiHflOBOM npocTpaHCTBe, MOmHO 
OHHCHBaTb ajuiHHCOHflH HOJiomHTejibHO onpep;ejieHHHMH MaTpni^aMH. Ona-
8HBaeTCH, HTO MHHHMaJIbHHe (JVHKIJHH HpeflCTaBJIHIOT COOOË npOHSBefleHHH 
CTeneHeË yrjiOBHX MHnopoB 3TOë MaTpmpj. ECJIH MH XOTHM HOJIVHHTB 
njiOTHOCTb BeponTHOCTH Toro, HTO B npeaejie rjiaBHHe HanpaBJieHHH aji-
jiHHCOHfla onpeflejiHioTCH opTOHopMnpoBaHHHM öa3HCOM e1,e2,e3, MH AOJIJKHH 
nocTpoHTb, OTnpaBJiHHCb OT öa3Hca eve2,ez, MaTpnny, cooTBeTCTByiomyio 
HanajibHOMy nojiomeHHio ajurancoHßa, H BBHTB npoH3BeaeHHe yrjiOBHX 
MHHopoB 3TOË MaTpnnH B CTeneHH —2. (Bee CKasaHHoe pacnpocTpaHHeTCH 
Ha aJIJIHHCOHflH B KOMnJieKCHOM eBKJIHflOBOM HpOCTpaHCTBe JHOÖOrO HHCJia 
HBMepeHHË (CM. [15]). AHajiorHHHHe pe3yjibTaTH MomHO nojiyHHTb H AJIH 
jnoyrnx CHMMeTpnHecKHX npocTpaHCTB OTpnnaTejibHOË KPHBH3HH. 

MHomecTBO MHHHMajibHHX HeoTpnn;aTejibHHx pememaE ajuinnTHnecKoro 
flH$$epeHB[HajibHoro ypaBHeHHH Lf=0 eme Majio HccjieflOBaHO H 8flecb 
HMeeTCH MHoro HHTepecHHX HepemeHHHx sa^an. M H e<|)opMyjiHpyeM jpe 
TaKne sajraHH. 

nepBan satana: npn KaKnx ycjiOBHHx Ha flH(J)<{>epeHijHajibHHË onepaTop 
L MOmHO BBeCTH B MHOmeCTBO MHHHMajibHHX (JJVHKHHë CTpyKTypy TJiaflKOrO 
MH0r00Öpa3HH TaK, HTOÖH fQ{x) HBJIHJiaCb TJiaflKOË (JVHKIJHeË OT 0 H XÌ 

BTopan sa tana KacaeTCH CBH3eË Mem^y JioKajibHOË reoMeTpneË nojraoro 
pHMaHOBa MHorooöpa3HH H CTpoeHneM rpaHHipi MapTHHa aToro MHoro-
oöpasHH. (B KanecTBe onepaTopa L paccMaTpHBaeTcn mi^epemjHajibHHE 
onepaTop BejibTpaMH, onpeflejraeMbiË pnMaHOBOË MCTPHKOë.) Bo Bcex npn-
MepaX HOJIHHX OflHOCBH3HHX MHOrOOOpaSHË OTpHIjaTeJIbHOE KpHBHSHH, 

(*) BTO npejraojiomeHne paBHOcnjibHO TpeöoBaHnio, HTOöH TpaeKTopnn npo-
ijecca BHxoflHJia, He oöpHBancb, H3 jnoöoro KOMnaKTa. 
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flJIH KOTOpHX nOffCHHTaHa pa3MepHOCTb MHOmeCTBa MHHHMajibHHX (JjVHKipiË, 
aTa pa3MepH0CTb OTjranaeTCH Ha eflHHnny OT pa3MepHOCTH MHorooöpa3HH. 
BepHO JiH, HTO H B oömeM cjiynae OTpnijaTejibHOCTb K P H B H 3 H H H OAHOCBH3-
HOCTb BJieKVT 3a coooË onpeAejieHHoe öoraTCTBO MHomecTBa MHHHMajibHHX 
$yHKI^HË? 
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